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Abstract

This paper establishes the existence and uniqueness of fixed points for a new class of mappings
in Banach spaces, involving fixed point analysis for generalized mappings. These mappings are
inspired by the interplay of classical contraction principles and advanced concepts in functional
analysis. We introduce novel conditions that ensure fixed point properties in the context of Banach
spaces. The findings have potential applications in areas such as matrix algebra, combinatorial set
theory, and building technology, where tower-like structures arise naturally. The results extend,

improve, generalize, and unify various existing fixed point theorems in literature.

Keywords: Unique fixed point, Banach spaces, existence, generalize mappings.

1 Introduction

The literature on the concept of tower functions is very scanty but special in Mathematics, spanning
areas such as real analysis, matrix algebra, and combinatorial set theory. For instance, functions
of the form n — n" or matrices of the type A4 are classical examples. These functions, though
seemingly elementary, present significant challenges in evaluation and understanding. Similarly, in
metric and normed spaces, mappings exhibiting such behavior have garnered recent attention.

Fixed point theory is a fundamental topological and analytical tool of immense importance
in mathematics, providing the theoretical backbone for proving the existence and uniqueness of
solutions to differential equations, integral equations, and optimization problems. It owes its origins
to the Banach Contraction Principle (BCP), established in 1922 by Stefan Banach. BCP asserts
that a contraction mapping f: X — X on a complete metric space X has a unique fixed point,
provided the contraction condition d(f(x), f(y)) < Ld(z,y), where 0 < L < 1, holds.

While these classical contraction principles are powerful, they possess significant limitations.
Primarily, the BCP requires a strict, uniform contraction constant less than one. This restric-
tive condition renders the classical theory inadequate for maps that are only locally contractive,

nonexpansive, or that exhibit variable asymptotic contraction behavior across complex spaces.
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To circumvent these limitations, we introduce a new class of generalized tower mappings. The
motivation behind this study is to relax classical constraints by utilizing auxiliary control functions
and nested iteration powers. This enables a much richer mathematical framework capable of handling
complex non-linear operators that emerge in advanced applied mathematics. This principle Banach
(1922); Cho, Bae, & Karapinar (2013); Popescu (2014); Geraghty (1973) has since been generalized
extensively. Among these, Cho, Bae, & Karapinar (2013) introduced a-Geraghty contractions, while
Popescu (2014) expanded on these results using alternative conditions.

Recently, Okeke & Francis (2023); Francis & Okeke (2024) advanced the study of tower mappings
in metric spaces, proving fixed point results for Geraghty tower-type mappings. These contributions
build on foundational work by Geraghty (1973) and others Banach (1922); Cho, Bae, & Karapinar
(2013). Extending these works, this paper investigates the existence and uniqueness of fixed points
for mappings involving finite and infinite powers in Banach spaces. The results herein aim to provide
a comprehensive framework that bridges classical contraction principles with new directions in fixed
point theory.

In fact, there are large amount of literature dealing with extensions or generalizations of this
remarkable theorem. This has encountered in so many extensions/generalizations to mention a
few as recorded in Amini-Harandi & Emami (2010); Chu & Diaz (1965); Kannan (1968); Reich
(1972, 1971); Geraghty (1973); Dass & Gupta (1975); Jaggi (1977); Meir & Keeler (1969) and their
references therein. Cho, Bae, & Karapinar (2013) defined the concept of a-Geraghty contraction
type maps in the setting of a metric space and proved the existence and uniqueness of a fixed point
of such maps in the context of a complete metric space. Popescu (2014) generalized the results
obtained in Cho, Bae, & Karapinar (2013) and gave other conditions to prove the existence and
uniqueness of a fixed point of a-Geraghty contraction type maps in the context of a complete metric
space. See also Okeke, Francis, & Gibali (1922); Okeke, Francis, de la Sen, & Abbas (2021); Okeke
& Francis (2021); Okeke, Francis, & de la Sen (2020) for other results in fixed point theory.

Okeke & Francis (2023) defined metric tower mappings in metric spaces and proved the existence
of fixed point of Geraghty tower-type mappings with example in complete metric spaces. In the
same Sprite, Francis & Okeke (2024) defined rational type Geraghty tower contraction mapping
and proved the existence of such rational Geraghty tower results in the context of complete metric
spaces.

The paper is structured as follows: Section 2 outlines the preliminary definitions and foundational
results necessary for the subsequent analysis. Section 3 presents the main results, with detailed

proofs.

2 Preliminaries

Throughout the article N={n € Z|n > 0} is the set of non-negative integers and R = {x € Rz >0}
is the set of positive real numbers.

To build a contextual framework for our new mappings, it is essential to highlight relevant
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existing fixed point theorems. Following Banach’s work, Kannan demonstrated that a mapping can
have a unique fixed point without being continuous. Furthermore, Geraghty replaced the standard
contraction constant with a class of auxiliary functions mapping to [0,1), ensuring convergence
without a strictly fixed upper bound. Our generalized mappings integrate these rich historical
concepts specifically the structural flexibility of Banach spaces and the non-linear bounding of

Geraghty functions to analyze tower-type functional iterations.

Definition 1. Pathak (2018) Let X be a linear space over field K ( K means R or C) and ||-|| :
X — RT a function. Then, ||-|| is said to be a norm defined on X if the following properties hold:
(N1) ||lz|| =0 if and only if x = 0; (strict positivity)
(N2) ||Az|| = |Ml||z]| for all x € X and X € K; (absolute homogeneity)
(N3) lz+y| <l|lz|l+ ly|| for all x,y € X. (triangle inequality or subadditivity).

The ordered pair (X, ||-||) is called a normed linear space (abbreviated nls) or simply a normed

space.

Remark 1. (1) ||z|| >0 and || —z| = ||z|| for all z in X.
@) [z =yl < llz —yll and [[lz]| = lyll| < = +yl| for all 2,y in X.
(3) || ]| is a continuous function; i.e., lim z, =x = lim |x,| = ||z|.
n—oo n—oo
(4) Norm is a convex function; i.e., [[az+ (1 —a)y|| < afz|| + (1 —a)|ly| for all z,y € X and « € [0,1].
(5) Every normed space (X, ||-||) is a metric space with induced metric d defined by d(z, y) = ||z —y||
for all z,y in X.
The induced metric in turn defines a topology on X called the norm topology.

(6) If a linear space is equipped with the metric function d: X x X — R™ by

0, ifx=y
d(z,y) =
1, otherwise

it follows that the linear space is a metric space.

Definition 2. Pathak (2018) A sequence {x,} in a normed space X is said to be convergent to

re X if HILH;O |lxn —x|| =0, i.e., given an € >0, there exists an integer ng € N such that
|zn — || <€, Yn > ng.

To show that {x,} converges to x, we write x, — x or lim xz, = .
n—oo

Definition 3. Pathak (2018) (Cauchy sequence) A sequence {zy} in a normed space X is a Cauchy

sequence if ligl |Zm — zn]| = 0,i.e., given an € > 0, there exists an integer ng € N such that
m,n— oo
|zn —xm|| <€, ¥Yn, m>ng.

Theorem 2. Pathak (2018) Every convergent sequence in a normed space is Cauchy but not every

Cauchy sequence converges
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Proof. Let {z,} be a sequence in a normed space X and let z,, — . Then, for given € > 0, there
exists ng € N such that
€
|xn — || < B for all n > nyg.

Hence, for m,n > ngy, we have

€ €
|Zm = Tnl| < |20 — 2| + |2 — 20| < 5"“5 =¢€

This proves that every convergent sequence is Cauchy in a normed space X. For the converse, see
Pathak (2018). O

Remark 3. Normed spaces where every Cauchy sequence is guaranteed to converge are called
Banach spaces. A classical example of a normed space that is not Banach, i.e. Cauchy sequence fail
to converge is the space of polynomials on the interval [0,1] equipped with the supremum norm, as
the limit of certain Cauchy sequences of polynomials requires an infinite degree polynomial like e*

which leaves the space.

Definition 4. Pathak (2018) A normed space is said to be complete if every Cauchy sequence in
it is convergent, i.e., for every Cauchy sequence {x,} in X, there is an element x in X such that

Ty — T.

Definition 5. Geraghty (1973) S is the class of functions o : Ry — [0,1) with

(i) Ry ={teR | t>0},

(ii) a(ty) -1 = t, =0 as n — oco.

Definition 6. Chaipunya, Cho, & Kumam (2012) For each n € N, let S,, denote the class of

n-tuples of functions (81,582,083, ,Bn), where for each i € {1,2,--- ,n}, B : Ry U{occ} —[0,1) and
the following implications holds: B(ty) := B1(tg) + B2(tx) + -+ Bn(tx) — 1 implies t, — 0.

Definition 7. Okeke & Francis (2023) Let (X,d) be a metric space and T : X — X such that there
are {a, 3,7,0,€} € Fger. Then T is called a metric tower map if

d(Tz,Ty) < ald(@,y)d@,y)* (1)
where, Ag:=pB(d(x,y))d(x,Tx), By:=~(d(z,y))d(y,Ty), Cs :=(d(x,y))d(x,Ty); De:=e(d(x,y))d(y,Tz),
for all distinct x,y € X

Definition 8. Let (X,||-||) be a Banach space and T : X — X such that there are {«, 3,7,0,€} € Fger-

Then T is called a normed tower map if

De
Cs

B
A v
[Tz =Tyl < allz—yDllz =yl (2)

where, Ag = B(|lz—yl)llz—Tz|, By :=~(lz—ylDlly=Tyll, Cs := (= —ylDllz =Tyl

D¢ :=€(|x—y|)|ly—T=x|, for all distinct z,y € X.
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3 Main Results

Theorem 4. Let (X,||-]|) be a Banach space and T : X — X such that there are {a,3,7,0,€} € Fger
satisfying;

2 ABVC(%
Tz —Ty|” < a(lz—Ty[)|lz -yl ; (3)
-T -T -T =T
where, 4y Uz =TuDla =Tzl o 5(e=TyDly-Tol
5 1+eglx—TyH)7Uy—TxH 1+eglx—TyH)jUy—TxH
Coe e =Tolie =Tyl ) lle=Tylly=Tal

ez =TylDlly=T=]" 7" T+e(lz=Tyl)]ly - Tz| N )
|z —yll|, so that there exists >0, ||x —y|| = w for which 0 > sup, e x|z —yll, |z —y||* <|lz—y]
for all k € N. Then the sequence {xy}ren defined by Txp_1 = x) converges to a unique fized point
of T in X.

Proof. Suppose, if possible, otherwise. Let xp =Txg_1, then xp 1 =Ty for all k € N. But oy # zp41
and this implies that ||z — zk41]| > 0, so that ||zx — zp11|| =|Txk—1 — Tzk||. From inequality (3),
take x = zp_1 and y = xy, for all kK € N, thus

|2k — 2| = | T2y — T

cPe
B 5
A Y
<alzg—1—Tag|)ller—1 — 2l (4)
where;
e Bl = Tag|Dlzp—1 —Toeall 5 . A(lzh-1 = Tap|)llar —Tal]
L4 e(|lzp—1 — Tag|) ok — Tap— | 7 1+e(|wp—1 — i) ||we — Top—1 ]|’
Crim O(lwp—r —ToplDllwr—r —Topll - ellze—s —Topl)llze —Topa ||
Tt e(zp—y — Tapl))|lox — Top_a " 1+e(lap—1 — Tapl|)|zx — Tap— |
So that, Ag:= Bllzk—1 — zpta || zr—1 — 2| B, = Y(lzk—1 = zes1l) |2k — Tp1 ] ,
L+e(||zr—1 — zpga ||z — 2| L+ e(|or—1 — zpga |2k — 2k
o o Slzn—1 =~ zenlDlles—r =zl ellzn-1 = zerlDller — zall
Tt+e(lap_1 —zpp Dz —aell 7 1T+e(lwp—1 — zpgal]) |z — k]

Thus, Ag = B(l[zk-1 = zralDllee—1 =2kl By =721 = 2rp1Dllzr = 2o,

e(lzr—1 — zppa ||z — x|
C(g =9 Th—1 — Tk LTk—1— Tk 3 De = .
(H +1H>|| +1H’ € 1+€(H$k71_karlH)”xk_ka

Therefore we have by taking Wjag,|| = ||k — Zjp1||?, thus inequality (4) reduced to

Al
Wiaz, < allzr—1—zpp1l)llze—1 —ze |8

J
o (A?W lnuxk—xk_ln))
<a(lerr —zeal) S

=0

<, AL Ind (g — )
=a(|zr1 —ral) D =2 5

Jj=0

j!
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o AL |y — @ |
<a|zg-1 —azpl) > =2

=0 J'

oo €XD (ij 1n(A/3)> 2k — i1l
=a(lzr-1 —wr41l) D

§=0 7t

r!

|l — \\“(jB”ln(Aﬁ)>
kE— Lk—-1
—alfai s~ 3 el 5

7=0 : r=

o0 o0 . T
ok — 2p—1]|| o= " ByIn"(Ap)
=a(op-1 —zpa )Y Y A R
=0 2! =0 r!

(me — pqa|)|oe — zrga | ¥

Ika T il s~ W (B(lwk—1 = zhsa Dllwr—1 — zkl)
=a(er-1—zrpal) Z Z o

(||wk 1= Try1Dllzr — zpga||” X

In"(B(|zk—1 — 2t [Dllzr—1 — el |2k — 21 |
=a(|zk-1 — zr41l]) ZZ 1yl
glrl
7=07r=0
oo 00 jr
<oz —ainl) X3 7 (leaos —zia e~z

j=0r=07"""

" (Bl —wk+1ll)ka—1 — 2kl —zh |

<allers o) 32

1yl
j=0r=0J"

Y (lwp—1 — g1l |2 — o1

Bller—1 —zerrDlzr—r — zrllllzr — zrall

<a|zhos — zrs ) ZZ]; ,
7=07r=0
—ZZ

T
j=or=0J°"

vV (|ok—1 — 2rraDller — gl B(lok—1 — Trga [l 2 — 21|

a(|lzk—1 — Ze41 D B(lzr—1 — zhsa [V (J2r—1 — 2ppr ) 1z — Trga ||l — 21 -
Hence;

ok — 2 | DD i ellzn—1 — zrsa ) B(ler—1 — o1 )Y (|25-1 — Trs1 D2k — 21|
7=0r=0

B <§: (T _¢k+1\|)5(\\xk71 ;kaH)) 2k — 1] (5)
7=0

L= (|zr—1 — Zpp1 ]|

Therefore, from inequality (5), we get;

@k — Thsa ]| <ZZ e

7j=0r= 0

aflze—1 =2k DBlzr—1 = 2rra )V ([2h-1 = 2psa DIz — 2kl (6)
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Therefore,

|2k — zp1]| < ZZ

]07"0

<ZZ

]07"0

S I)IE

e
j=or=0""

a(lrg—1 =z D) B(lzr—1 — 2hr1l)Y ([2r—1 — TRpal)) |28 — TE—1]]

a(lzr—2 —zk|)B(lzr—2 — 2R )Y (|2R—2 — 2R ||) | 2R—1 — ZR—2]|

allze—3 —ze-1)B(lvx—3 — 2x—1])Y" (lr—3 — Tr—1|]) |76 —2 — 713

<lwo — a1l (7)

Thus, {||x; —zk+1] }ren is a non-increasing sequence and bounded below for which the sequence

converges to some real number a > 0 (say). If a > 0, then we see that

||93k—$k+1H<ZZ a(|zk—1 = zp1 D Blzk—1 — zrt1 )Y ([2r—1 — Zpr Dl ek —zp—al]. - (8)
j=0r= 0
Thus,
1< lim lnf{zz af[zg—1 —zK1|)B (ka—1—:vk+1||)7r(ll$k—1—wk+1ll)}~ (9)
j=0r 0

This implies that klim |xg—1 — xg+1]| =0, which is a contradiction. Therefore,
—00
lim (|2 — 2g41]| = 0. (10)
k—o0

Now, we shall show that {zy}ren is a Cauchy sequence in X. Suppose that there exists an €* >0
for which we define two sub-sequences {7y, }jen and {z, }ren of {Zk fren such that for k; > ky >k,
<. Now

Tk 2 Th;—1 and T, # xp, so that kaj —xp, || > € and kaj_l — T Tky | — Tk,

2 2

kaj -z, || = HTxkj_l —Txp,_, || - Take v =y, , and y =z, |, so inequality (3) becomes;
2 2
H.%'kj — Ty, = HTxkjfl — T:L'kh
De
305
ABW
S Oé(H'xkjfl _xk‘h_l )kaj,1 - xkh_l ; (11)

where,

R | P [ P || Py

Aﬁ = y y

1 —I—E(H."L‘kj71 — T,

=

1—|—€(Hl‘k — Tk,

=
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([lrn s =,

(N )|

s =T,

Cs:= L=
R PRSP} EYC N (RGPSt FYSN ) P
Hence,
5( ’$kj_1 — Tk, ‘) ‘xkj—l _ajk]' ‘ ’Y(ka‘j—l — Tk, ’) ‘xkh_l — Ty,
Ap = , B, = ,
T e ] FRE e )| e
6(‘ Ty = Thy, || ) ||Thj_1 — Thy, e(kaj_l — T, )’ Thy,_, — Tk,
Cs:= ; De = )
1+6("$kj*1 ~ Tk )kah* ~ Tkj 1+6(kaﬂ>1 — Ty, )kahfl — Tk,
So that,
(o= o=
j—1 h j—1 '
A,B = < ﬂ( ’:L‘kj_l — Tk, D ‘Jikj_l — Tk ||
1 +6(H:ij_1 — Tk, ) Thy,_y — Th; H
’Y<"xkj_1 _$kh )kah—l _',Ekh
B’y = < ’7( ’xkj_l — Tk, D ’l‘kh_l — Tk ||
1+6(kaﬂ'*1 Tk || ) || Thn-1 T T
J—1 h j—1 h
Cs o= Sd(‘xkjfl_‘rkh )‘xkj—l_xk‘h ;
1+6(kaj71 = Ty, )kahﬂ — Tk,
6( Thj_y — Tk Thy_y — Tk,
Jj—1 h h—1 j
D, := < e(‘ Th;_y — Ty, )‘ Thy_y — Th, ||-
1+6(kaj71 — Ty, )kahl — Tg,
Thus, from inequality (11), we get by letting
2

tkj = kaj —xkh

2
tkj —HTa:k 1 kah 1
D,
Bc5 ‘
AB'Y
SO‘( Lhj_1 — LTk )Hwkjfl ™ Tkp_y
De
B
=al ||z, Tk exps A7 In|(||x T
j—1 h B8 kj1 kp
De ;
Bfé '
o Aﬂ 111(‘37;%71 xth
:a( xkj71 xkh /L'
=0 ’
cPDe
o AP 1y
3 n' (|| Tk — Tk,
:Oé( xkj71 xk;h ) Z'
=0 '
o In’ (kaj71 — Ty ) cPe
_ L
_a( Th;_y — Thy, )Z f exp [ iBy° In(Ap)
=0 :
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)i In’ ( Thj_1 — Thp_y ) i (ZB i 1n(Aﬁ)>

== a( ka;l — Ty,

=0 i! r=0 !
i
> In ( Thij_1 = Lhy_q ) > " In" (Alg) rC €
:O‘( Lhj1 — Lk )Z il Z l By
=0 : r=0 :

= a(|ar,, —a, ) S mkj_li!_xkh_l 55 irln:Aﬁ)

exp (7"056 ln(Bw)>

0 hli Tk« — LTk, o Z‘TIHT(A ) 00 rmcmDe hlm(B )
:a( Tk — Thy, )Z ( ’ 12' hot )Z . 8 Z ) — vy
1=0 r=0 m=0
o In’ Tk + — Tk, © ST In" (A o mipm(B
:a( T, | — Tk, 0 ( i 1“ h—1 )Zoz nrg 3) mzor nm!( v) exp (mDeln(Cg))
= r= =

Lhj_1 = Lhkp_q o nDnln (Cg)

ln Z

i In"(Ap) &
ol

B o In’ ( B )
Lhj1 — Thy Z il Z Z
In

i=0 r=0 : m=0
ii i i irrmm”lnT(zlﬁlﬁ)lnm(B,y) "(Cs)

ilrimln!

N 1.7
D?1n (H:L’kj71 — Tk,

:Ek}j,:[ - :Z:k’h

Lhj_1 — Lky, Lhj_1 — Thp_y

ZZ 3 Z arrtmt LB CE D!

< ilrlmin]

( )

( )
<o |ek,, — )iz S ;}MlnT(A[g)Inm(B,y)ln"(Cg)D?lni (s =

( )

)

)

m
< a( Tk — Tk ‘wkj,l — T, )kaj,1 — Tk || Y (kaj—l — Lk,

s ZT m r
h Zzzo;zwmvnvﬁ(

i=0r=0m=

7 (o1 =

X

(<(llons s =

- - R

X kajf1 — l‘kh_l

[e elaNe el

o0 oo
Trmm”
)ZZ Z Z irlmin) ( ’xkj—l — Tk,

i=0r=0m=0n=0
n
5~ s

X ka]’—1 “ Lhp_y

)

m( Thij_1 = Lk,

S(— -

n
n
TEN— (ot an Dl

iTrMm
)ZZ Z Z Z'r'm‘n‘ ( ‘xkj—l — Tky,

i=0r=0m=0n
(-

)

m
S — ot~

n
- S A ) P

X kajfl — l‘kh_l

o olNe e RENNe o]

iTrmm
T m
< 771922 Z Z 1,'7“"m'n' (kaj—l — Tk, )ﬁ ( Lhjy — LTky, )7 (kajfl — Tk, )
i=0r=0m=0n
5n(kaj71 — Lky, )6 (kajfl — Tky, )kahq T Tk ||| ki1 — Tk kajfl Tk
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= Wiz Z i e (kaj—l — Thy,

Tttt &
i=0 r=0m=0n=0 LT TV

(o 1 -on ) -

= 771922 Z Z L (Hx’ﬂj—l Lk,

el | l
=0 r—0m ZT’I?’L?’L
N

From inequality (12), we have

)
) C—

)5 (Jo =0

s =

(o

‘xkj—l — Tk

|

)

’xkj—l — Tk,

C)«;

)

5" (|, — (12)

‘:Ukj — T,

<"7’922 Z Z o (Hl'kj71 ~ Tkn

rimin!
i—0r—0m zrmn

n
T N | .

) (

s =

)

(13)

m
- P

From inequality (13), we get;

7]119 < lim 1nf{ii i i ;:'mﬁ, (ka‘j—l — Tk, )5T< '$kj_1 — Tk, )Vm(kaj—l — Tky, )

Joh—ro0 i=0r=0m=0n=0
6" (|, — 2, )}, (14)

e (e v,

so that

< lim inf{ii i i rm (Hﬂckj_l — Ty, )ﬁr( ’l“k]-_l — Tk, )Vm(Hmkj—1 — Tk, )

1
0~ jh—oo trim!n!

1=0r=0m=0n=0
)}, (15)

) (1=
=0, so that

as o = nd, which implies that lim ka — T,
,j—)OO

n
(-

lim kaﬂ — T, || <€ (16)

h,j—o00
This is a contradiction, hence {z}ren is a Cauchy sequence in Banach space X. Since Banach
space X is complete, there is a candidate z* € X such that z; — 2* € X. Now we show that z* is
a fixed point of T'. Suppose that Tx* # z* and ||z, — Tz*|| = ||Txk—1 — Tx*||. From inequality (3),
take x = zp_1 and y = z* for all k € N, thus;

e =T |* = | Tap—y = Ta"

De
Cé

(e ) P L (17)
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B(loes=To" | lans = Taa| - (llowo =Tl )2 ~Ta|
8= y By 1= ,

Lt e(loxr = Tax| ) [l2* = Tap ]| Lt e(flons = Tar | ) 2% = Tag s |

S(lais =Tl Jlona Tl elo =T )lla” ~ s

5= y He = .
1+ e(llag-1 =T ) o = Topa]| L+ e(llagr =T ) o = Tarpa|

B(llap—1 =Tl ) a1 —

( ) SB(Hl‘k—l*Tﬂf*H)||93k—1*90k\|7
1t €l = Too|| ) o =z
o Wz =Totl o~ o)
T (s Tl — ax

6(llo—1 = Ta* | )ox—1 — Ta¥|

Cs = ( ) < ([l = T )1 — T
1+ e(llap-1 = Ta||) 2+ — i
(= Ta*|| ) l2* =

Do ) < e(fJonr = Ta|) 2" — .
Lt (ks = Ta| )l = ax

From inequality (16), we get;

Thus, Aﬁ =

< (llex-s = Ta"|| ) 2"~ Ta,

o —Tz*|* =0 18
I I”=0, (18)

this is a contradiction. Therefore, x* = T'x*. For the uniqueness, suppose that the fixed point of T'
in X that is * = T'z* for some z* € Fix(T). Again, suppose if possible that there exists another
fixed point of T' in X, that is y* = Ty* for some y* € Fiz(T). Now suppose that {z* # y*} —
|lz* —y*|| > 0. Now, we know that

*7 * 2: . o ES 2
lz" = y*[|" = lim [z -y

= lim [Tz —Ty*H2
k—00

. T
< lim a(fapr = Ty ) arr -y "7 (19)
where,
B(llvx—1 =Ty || ) g1 — Twg s | ok =Tyl ) ly* = Ty’
B:: 5 = s
Ut e(llana =Ty )y = Taxall” " V+e(llmems =Ty | ) ly* = Taxa |
_ (e =Ty ) =Ty el =Tyl Tonl
U e(llon =Tyl )y = Taxall " 1+ e(llapy =Ty ly* = Topa]]
Blllzk—1 =y ) |zr—1 — Top—_1]|
so that Ag:= ( ) _B(\\x*—y*H)Hmk,l—ka,
1+ €(llanr =yl ) lly* = Topa|
(k1 =7l ) lly™ = o7
B, = ( ) < (llek-1 =y*1 ) ly* =y =0,
1+ €(llwn1 =7l ly* = Tga
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5(llwn-1 =1 )l =
5= ( ) < 3(llwer =¥l ) a1 =l
1t e(llnr =71 ly* — e |
ekt =yl ly* = Tg-a]

€=
L+ e(llan-1 =yl ) lly* = Tapa]
We can see clearly from inequality (19) as k — oo, collapsed to

<e(flor =y I ) lly* — il

lo* = I < (e =7 ) l" = 7]l (20)

Thus;
o —y*|| < ez =y la* =y (21)

So, a(Hx* —y*H) — 1 = [jlz* —y*|| = 0. Therefore,
lz" = y7[| = 0, (22)

which is a contradiction. Hence equation (22) shows that the sequence {xy }ren defined by T'zg—1 = xi,

converges to a unique fixed point of 7" in X and the proof is completed. O

Remark 5. The power of the generalized inequality (3) lies in its ability to reduce to foundational
fixed point theorems by placing specific restrictions on the Geraghty function classes (Fger) and
the exponent tower.

(1) Banach Contraction Condition: Suppose we restrict our functions such that a(-) = L? where
L €0,1) (which is a valid constant function in the Geraghty class). Furthermore, assume the

auxiliary functions (3,7,d,€) are configured such that the entire rational exponent tower evaluates

De
05

to 2, i.e., Ag“’ = 2. Under these conditions, the main inequality (3) reduces to
Tz = Ty|* < L?||z —y||*. (23)
Taking the square root of both sides immediately yields:
[Tz =Tyl < Lz -yl (24)

which makes the classical Banach contraction condition in Banach spaces evident.

(2) Geraghty Contraction Condition: If we allow o € Fge, to remain a standard Geraghty function
cDe

(rather than a constant), but again restrict the tower components such that Ag”’ = 2, substituting
this into (3) yields
2 2
[Tz = Ty[|” < a(lz—Tyl)llz—yl". (25)

Taking the square root gives:

[Tz =Tyl < \/ellz =Tyl |z —yll- (26)
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Because the square root of a Geraghty function mapping to [0,1) maintains the fundamental
properties of the Geraghty class, this isolates the classical Geraghty contraction condition within

the context of a Banach space.

Corollary 6. Let (X,||-||) be a Banach space and T : X — X such that there are {c,3,7,d,€} € Feer
satisfying;

o
CDEB
2 ABW&
[Tz —Ty|” < allz —Tyl)[lz -yl ; (27)
=T =T =T =T
where, Agiw PUE=TyDle=Tal . Alz=TyDly=Tyl
) 1+e(:ﬂx—Tyll)¥y—Tmll 1+6(g~}“—TyII)Q§/—T$II
Oy e e =Tyl =Tyl = _ello=Tyllly =Tzl o s o e X and

© lte(le=TylDly—Tall” 7 1+e(lz—Tyl)lly —Tz|’
In(|z —yl||) <||lz—vyl|, so that there exists 0 >0, ||z —y| = @ for which 6 > sup, e x|z —yll,

Hx—ka < ||a:;yH for all k € N. Then the sequence {xy}ren defined by Tz = xy, converges to a
unique fixed point of T in X.

Proof. Suppose, if possible, otherwise. Let xp =Txg_1, then x4 =Ty for all k € N. But oy # zp41
and this implies that ||z — 21| > 0, so that |2k — zg41|| =||T2k—1 — Tzk|. From inequality (27),
take r = zp_1 and y = x;, for all k£ € N, thus

ek —zpsr |* = Ty — Ty

cDe
B,
o’
A%
< alzk—1 — Tap|)l|wp—1 — x5l 77 ; (28)
where;
e Bl = Tap|Dlzp—1 —Toeall 5 . A(lzh-1 = Tap|)|lar — Tal]
T Tt e(wnor = Tag|)llew — Tap—al 77 T+ e(lan—r — zul)Jor — Tap—r |’
Oy m Olwr—y = Tap|)llewy =Tl e(ler—y = Tap|)ller —Tep|
Lte(lap—1 = Tap)lar —Tapall” ° 1+e(log—1 —Tag|) 2 — Tz
So that, Ag:= Bllzk—1 — x|l zr—1 — 2| B, = Y(lzk—1 = 41Dk — Tp41 ] ,
L+ e(|zgp—1 = zpgr ) |z — 2 1+ e(||wg—1 = Tpgr ) |2k — 2
o o Mlzn-1 = zenlDlles—r —zpall o ell@n-1 = zra|Dller — zall

Lte(log—1 —apraDlze —aell 777 T+e(lap—1 —apra ) 2n — 2l
Thus, Ag := B(|ze-1 —zes1)|ze-1 —2kll, By = v(|ze-1 — 21|28 — 2rga ],
(-1 — zrral) |k — 2|
C(g =9 Th—1 — Tk LTk—1— Tk 5 l)E = =0.
(H +1H>|| +1H 1+€(ka71_karlH)”mk_ka
Then the conclusion follows from proof of Theorem 4. O

Corollary 7. Let (X,||-||) be a Banach space and T : X — X such that there are {c,3,7,d,€} € Feer
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satisfying;
ps
AB'YG
CD€B
2 A%’
[Tz =Ty||” < allz =Tyl llz—ylI" ; (29)
=T -T =T =T
shere, Ay o PUT=ToDl=Tl o la=TuDly=Tyl
AL T T i i AT
z=Ty|)||x—Ty ez —Lyjhlly—1x -
Cs = ; = , for all distinct z,y € X and
Lt e(le =TylDlly—Tall” " 1+e(lz—TylDlly —Tx||
In(|z —y||) <||lz—vyl|, so that there exists § >0, ||z —y| = @ for which 6 > sup, ,c x|z —yll,

|z —y||* <|lz—yl|| for all k € N. Then the sequence {x}}pen defined by Txj,_y = x), converges to a
unique fized point of T in X.

Proof. Suppose, if possible, otherwise. Let xp = Txy_1, then zp, 1 = Txy for all k € N. But zy # x5
and this implies that ||z — xg41]| > 0, so that ||z — zk41]| =||Txk—1 — Tzk||. From inequality (29),
take x = zp_1 and y = zy, for all kK € N, thus

|2k =z |* = | T2pm1 — T ||

CDEB
A%’
< alzg—1 —Tagl) lzp—1 —zx )72 ; (30)
where;

Ao Bl =Tyl ze—1 = Twp|| — Vlwp—1 = Tl ze — T
T Tt ellanmy = Tag|))loe — Toea |7 T efwn—1 — o) lox — Tar— |
Oy = S(lwk—y = Tap|)llex—r —Tawll _  e(lor—y = Tap|)llzr —Tzp|

1t e(ap—y — Tagl)low — Top_a " 1+e(lap_1 —Tapl])|zp — Tap— |
So that, Ag i Blrr—1 —xpp1|)l|or—1 — 2l B, = Y(lzr—1 = Tppal) | o — 2ppa | ,

T+e(|lze—1 — zrg1l) |z — 2| L+e(|zp—1 — zrgr ) |og — 2|

o o Mz —wealDlles —zpall o ell@i—1 = zerlDller —zll

Lt elop—1 — aeralDllzr —aell 777 T+ elzn—1 — wpsall) |2 — 2l
Thus, Ag:= B(|xx—1 — 2ks1ll) | 2k—1 — 2], By 1@7(”%—1 - 96‘1~|:|J)r’1”)||$k —kaz+1H,
E\|Tk—1 — Tk+11|) | Tk — Lk
Cs = 0(|vp—1 — xpr1lD -1 — pa1ll; De:= =0.
(o = walDllens =l D= 1 i == e — 2
Therefore we have by taking Wjjaz, | = ||7x — g1 ||?, thus inequality (30) reduced to

A5
Wiz < allzg—1 —zrraD)llwp—1 — x| 72

J
A 1n<||:ckxk_1u>>

J!

(o)
<a(|@p—1 —zppal]) D
=0

AL I (g — )
=a(|zp-1 — 2 )Y 2 -
=0 J:

Applied Science Innovation (ASI) | Vol. 1, Issue 1, May 2026. Page 298



https://asijournal.org ISSN: 3141-6292 Daniel (2026)

oo AP g — g
<al|zp—r —ap]) Y =2

j=0 J

o €XD (.7'37 1H(A,8)> |l zr — p—1]|
=a(|zp-1 —$k+1”)2

3=0 J

r!

o — | & ("B”ln(Aﬁ)>
=a(|wr-1 =R )Y Z
j—O

ka Tp—1|| o= J" B In"(Ap)
=a(||rk—1 —zk41]) Z 7 77,!
7=0 r=0

H A < T
Tk — Th—1 In"(B(|ck—1 — Tkt1|)|lxr—1 — 2k
—oflep —app ) S 1Bl 5 ( +

=0 J! r=0 rl
o 7 e s Dl sl ||
Lk—1 — Tk41 LTk—1 — Tk Tk — Tk—1
:Oé(‘|xk71_mk+1H ZZ +j'7"
j*Or—O e

<af

"(lwr—1 = zrrrlD loe — 2esa |
7j=0r= 0

" (B(lJr—1 — xk+1H)Ilwk—1 —ag|)llzr —zpl

<af|zk- V' (lek-1 = zrprDllzk — 2rpa ]

]07"0

B (lzk—1— l‘k+1|\)llmk—1 - l‘kH [T

<af

>y

Y ([rx—1 — 2era ) |on — Trgall B (121 — Trgr D |7 — 251 |
7=0r= O

azr—1 =2k )" ([2h—1 = 2ea )Y ([2r1 = 2rpa D2k — Trpa Hloe — 2l

j=0r= 03' i
Hence;
||35k—96k+1H<ZZ e a(lzk—1 — k41 DB ([2e—1 = Trta DV (12h—1 — Trs1 Dl @k — zp—1 ]
J=07r= 0
_ (=3 ollmk—1 — 2 DB (k-1 — Trsa ) T (31)
oot =" (|zk—1—T41l])

Therefore, from inequality (31), we get;

2k — a(llze—1 = 21D B" (1re—1 = Ter1 DY (l2k—1 — Trs1 Dl e — 2l (32)

]07"0
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Therefore,
ka*xk+1||<22 a(lzk—1—zr41)B" (k-1 — o1 DY (|2k-1 — Thr 1 D2k — 21 ||

7j=0r= 0
oo o0 j'r

<> > Sallze—a =z B (lek-2 — 2kl (k-2 — zxl)l2r—1 — 2o
j:Or:OJ'T‘
oo X

SZZ a(|zk—3 — rp-1[)B" (|2k—3 — Te—1 )7 (|78 -3 — 21 [ [|[26—2 — 23]

<llzo — 21| (33)

Thus, {||x; —zk+1] }ren is a non-increasing sequence and bounded below for which the sequence

converges to some real number a > 0 (say). If a > 0, then we see that

2k — zp] < Z Z

]07"0

a(lzr—1 = zrr )" ([eh—1 = 2ea [V ([2r—1 = rpr ) lon — 2 ll- (34)

Thus,

1< lim 1nf{zz

a(|p—1 = zrs1 B (|2k—1 — Trs1 )y (ka—l—fﬂkﬂll)}- (35)
7j=0r= 0

This implies that klim |xg—1 — xg+1]| =0, which is a contradiction. Therefore,
—00
lim (|2 — 2g41]| = 0. (36)
k—o0

To show that {zj}ren is a Cauchy sequence in X follows with little modification from inequality
(11). Therefore, we can see that the sequence {xy }ren defined by Txp_1 = ) converges to a unique
fixed point of T in X. O

Proposition 8. Let (X,||-||) be a Banach space and T : X — X such that there are {c, 5,7,0,€} € Fger
satisfying;

ADfS
1Tz — Tyl < allz —ylDllz -yl ; (37)
T - -T
where, Ay e PUz=yDlz =Tl o Al —yly =Tyl
el )y =Tol 7 eyl 7]
Cs:= Mz =yllz = T3] ) = llz =yllly =T for all distinct x,y € X for all k € N.

ez —yDlly =Tz 1+e(lz—yl)lly— Tz’
Then the sequence {xy}ren defined by T'xi_1 = 1, converges to a unique fized point of T in X.

BC5

Remark 9. The - in the upper most of inequality (37) means that AD is climbing upstairs
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simultaneously to infinity.

Proof. Suppose that {xy}ren C X, we put z = Tx_1, then x5 =Ty for all k € N. But zp # xp41
and this implies that ||z — z41|| > 0, so that |2k — zg41|| =||Tzk—1 — Tzk|. From inequality (37),
take r = zp_1 and y = x;, for all k£ € N, thus

C
ADfWS
[Txp—1 — Tyl < afzp—1 —zpl)lwe—1 —2el ™ (38)
where,
o Bl —aulDllee—1 = Tzpall 5. y(lzr—1 —zxl)l|zk —Tag]
Lte(log—1 —ap[Dller —Tor—1]” 7 Te(lag—1 —apl)l|zr = Top—1]
Oy = O(ler—y —aplDller—y —Tarll - e(lor—1 —zplDller — Twr_1||
Lte(lap—1 —zplDllar —Top—1l” ™ 1+ e(on—1 —axl)[lax — Tap—1||
Thus,

Ag = B(|zk-1 = zk|Dl|we-1 — @k, By :=y(lwr—1— zl)) |k — zpsall,
Cs = 6(lze—1 — zkl)lzk—1 — @41ll; De = e(|zp—1 — 2kl lzw — zi-
So inequality (38) becomes;

[Tk =Tl < aller—1 —zkl)lzr—1 — il (39)

We need only to show that the existence of such an «a in Fger is equivalent to say that for
|lzk|| — [|z*|| in X, which means that xp — 2* strongly with z* a unique fixed point of T', iff for
any two subsequences x,, and xp, of xj, with xp, # xp,, we have that Q — 1 only if ||-||,, = 0,i.e.,

ek — yi|| <||lzx — 2| +]|yx — =*|| = 0, where we take for any pair of sequences xj and y;, with zx, # yx,
T -T

we write |||, =||zr — k|| and Q; = H (|Tk) (|?’Jk)|| First assume such an « exists. Let {zp, }
Tr— Yk

and {xy, } be two subsequences with xp, # xj, . Assume that Q0 — 1 as k — co. Then it follows

) — 1 as n — co. But then since a € Fger,

immediately from inequality (39) that ||z, — 2%

we have |zp, —x,|| = 0. Next assume that the sequential condition holds. Define o : RT — R
|7 C@n) =T ()|
l[zn—2ml

below 1 and so « is defined for all ¢ >0 and o < 1. Now assume that a(t,) — 1 for ¢, € RT. We

as follows «a(t) = sup{ Nn — || > t}. From inequality (39), the quotients are all

1
may further assume without loss of generality that 1 — — < a(t,) < 1. We must show that ¢, — 0.
n

But «(t,) is the above least upper bound. So there is for each n > 0 a pair {z}, } and {zy, } of {zx}

n |k, — 2k, |

But then by the sequential condition above, ||z, — z, || <||zn, —2*|| +|2* — 2, | = 0. So &, — 0,

< a(ty). So the sequence Q — 1 as k — oo.

as was shown. This completes the proof of Proposition 8. O

Proposition 10. Let (X,||-||) be a Banach space and T : X — X such that there are {«,f3,7,d,€} €
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Faer and there exists 0 € RY satisfying;

C(’s"
A(HDE)B’Y
o B
A(GDG)B’Y(S
1Tz =Tyl 5 allz —yl)llz -yl ; (40)
where, Ay 1= PUE=8Dle=Tall . Az —ylDly =Tyl
5 1+6(I|xfy\lgplly*Twll 1+e(||x—y\¥||y—Tx||
Oy = Uz —yDllz =Tyl ._ ellz=yl)lly—Txz| v all distinet 2. € X for all ke,

el —yllly =Tzl " T+e(lz—yl)]y—Tz|
Then the sequence {xk}ren defined by Txy_1 = x) converges to a unique fixed point of T in X.

Proof. We give the proof of Proposition 10 in its full strength. The proof decomposed into two
cases:
Case (a) Observe first that if # = 0, then inequality (40) reduced to

[Tz =Tyl < a(lz—yl)lz =yl (41)

First assume that ||, || — ||z*|| in X which means that x,, — z* strongly and let {z}, } and {zj, }
be any two subsequences of {z;}. Then clearly ||zp, —yn,|| — 0, so the condition is satisfied.
Next assume the condition is satisfied for a given initial point z¢ in X. Then {||z, — yn| }nen is
a decreasing sequence of nonnegative real numbers and so approaches some €* > 0. Assume that
€* > 0. Then letting h, =n and k, =n+1, we have that ||z, —y,|| = €* > 0 while ,, — 1 as
n — oo. So the condition is contradicted. Thus |z, —zp41]| = 0 as n — oco. This implies that
lxn — zpt1]| <||en — 2| +]|2* — 2p41]| — 0. Now assume the given sequence of iterates {z,} is not
Cauchy. Then there exists some €* > 0 such that every tail {x,},>n of the sequence has diameter
DN =sup,, >N |1 Zn — || > €. Given this €%, we will construct a pair of subsequences violating the
condition. For any n > 0, let N,, be large that ||z, — xm41]| < % for all m > N,,, as is possible that
|Zm — Zm1] — 0. Let hy, > Ny, be the lowest integer such that for some ky, > Ay, |24, —2n, || > €.
Such pairs exist by the above diameter condition. Next choose &, to be the least such integer above
hy,. Then either k,, —1 = h,, or Hxhn _xh;rlH < ¢€*. In either case we have ¢* < Hxhn _xh;rlH <€+ %

Moreover, using the triangular inequality, from inequality (41), we have

) =T e, = onal =2

1>0
" lzn—yull = |lZh, — zh

(42)

So €, — 1 while Hxhn _xhrlH — €%, again violating the condition. So {x,} must be a Cauchy
sequence in X and as X is complete, we have x, — x* for some z* in X. Then by the usual

arguments, x* is a unique fixed point of T" and the proof of (a) is complete.
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Case (b) if 6 # 0, then inequality (40) becomes;

Y

B
C?,<80D6> v
A(GDE)BW
1Tz~ Ty|| < of|z — yl|) ||z — || 5 : (43)
where, Ao = 1i(!g|crmij”)rw>g|cr —ﬁcu’ bri= 11(|e|<3ix5/’)u“ﬁ\ —%‘cu’
(2 —yl)lle—Ty) o~y Tz
Cs:= Y N pe= ylilly for all distinct z,y € X for all k € N.

Clte(le—yDly=Tx|” 7 1+e(lz—y|)|y - Tx|’ S
Suppose that z = Txr_1, then xi11 = Tz for all £ € N. But xy # 2,41 and this implies that

|z — zk41] > 0, so that ||zg — xg41]| = ||Txg—1 —Tak||. From inequality (43), take z = xp_1 and
y = xy, for all k € N, thus

A(GD{)B’Y
05
40D
|Tzg—1—Tog| 2 a(|zp-1 — 2k |2k—1 — 28] 7° ; (44)
where,
o Bllzn—1 —zrl)llzr—1 —Tap—i | — Wlzk—1 —zkl)llex — T
Lt ezp—1 —zp|)lze = Taral” 7 V+e(lar—y — x| |l2x — Tap—1 ||’
0y = Olzer —zelDllze =Tl -y ez = zel)llze = Trea|
. Lt e(|ap—r — zpl)loe — Tap—a " 1+ e(lap—r —apl]) lox — Tap_i |
us,

Ag = B(lzk—1 — zkl)llwr—1 — zkll, By :=7(|ze—1 — zkl)) lzk — zrtal;
Cs = 0(|zk—1 — zkl)llzp-1 — 2pt1ll; De = e(||lzr—1 — 2k ) |2k — 2kl
So inequality (44) becomes;

[Txp—1 =Tl S allze—1 — zel]) lr—1 — 2] (45)

We need only to show that the existence of such an « in Fge, is equivalent to say that for
|zn|| = [J2*|| in X, with 2* a unique fixed point of T, iff for any two subsequences zj,, and zp,

of x, with xzy, # xp,, we have that ,, — 1 only if ||z, —y,| = 0, where we take for any pair of
_ T ) = T(yn) |

[0 — ynll
Let {xp,} and {xp,} be two subsequences with xj, # zj,. Assume that Q, — 1 as n — co.

sequences z, and y, with z, # y,, were Q, . First assume such an « exists.

Then it follows from inequality (45) that «(||zs, —2,||) — 1. But then since a € Fge,, we have

|zh, — @k, || — 0. Next assume that the sequential condition holds. Define a: RT — R as follows

T -T
at) = sup{” (‘Tn) (T|m)|| Hn — || > t}. From inequality (45) the quotients are all below
Ty, — T

1 and so « is defined for all ¢ >0 and « < 1. Now assume that a(t,) — 1 for ¢, € RT. We may

1

further assume without loss of generality that 1 — — < «(t,) < 1. We must show ¢, — 0. But «(t,)
n

is the above least upper bound. So there is for each n > 0 a pair {z, } and {zy, } of {z,} with
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Jon, =, | 2 to and
[T C,) - T,

1
n |zh, — =4, |

< afty). (46)

So the sequence €, — 1 as n — co. But then by the sequential condition above, ||z, — || — 0.
So t, — 0, as was shown. This completes the proof of Proposition 10. O

Corollary 11. Let (X,||-||) be a Banach space and T : X — X such that there are {c«, 3,7,0,€} € Feer
and there exists 0 € Rt satisfying;

A(eDe)ché

[Tz =Tyl < a(lz —ylDllz -yl ; (47)
where, Ay iw DUyl =Tl e —ylly—Tyl
5 1+6(Haf—yH¥!y—T:€H 1+e(|]x—y\\12|’y—Tx\\

C5 = (le—yDllz—Tyll .,  ellz—yl)|y—Tz| v all distinet 2. € X for all k€N,

C Lte(lz—yllly =Tzl " 1T+e(lz—yl)ly—Tz|
Then the sequence {xy}ren defined by Txy_1 = x), converges to a unique fixed point of T in X.

Proof. We prove as follows;
(a) if # =0, then inequality (47) becomes;

[Tz =Tyl < alz —yl)llz —yll- (48)

This is Geraghty contraction in Banach space and the proof follows from small modification see
Geraghty (1973).
(b) if 6 # 0, then inequality (47) becomes;

A(GDE)B$6

[Tz =Tyl < aflz—yl)llz -yl ; (49)
where, Ay = LU=yl =Tl —p vl —ylly-Tyl
5 1+6(II$—yH¥Iy—TﬂfH 1+6(]\x—y||jl"y—Tx||

oy e e =yDle=Tyll ez =ylDlly =Tz for all distinct .5 € X for all k€ .

Clte(lz—ylDlly—Ta)” T Te(le—y|)|y— T o
Suppose that zp = Txr_1, then xx11 = Txy for all k € N. But xy # 11 and this implies that

|xr —xg+1]| > 0, so that ||k —zp41]| =||T2k—1 —Txgl|. From inequality (49), take z = z;_1 and
y =z for all kK € N, thus

A(@De)BS(S
[Twp—1 —Tapl| < al|ze-1 — el |zp—1 — il ; (50)
where,
e Bllzr—1 —axlDllee—1 — Tz || _ lze—1 — k) llex — T
C (o —ap|)llae = Tapa "7 T e(ar—y —zp]) |z = Tap—a |
Oy e S(lzk—1 — zxlDl|lzn—1 — Ty D, = e(lzn—1 —znl)llzk — Top-all
. Lt e(|lzr—1 — wpl)) |k — Tap— | Lt e(lzr—1 — wpl)) lzk — Tap— |
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Ag = B(|zk-1 — zk|Dllwe-1 — 2k, By :=y(lzr—1— zl)) |k — zpsall,
Cs = 0(lzp—1 =zl |rr—1 = Trt1ll; De := e(||wp—1 =zl |2k — k|-
So inequality (49) becomes;

[Tk — Tl < aler—1 —zel)zr—1 — il (51)

It follows Corollary 8 above. Therefore, the sequence {xy}ren defined by Txp_1 = ) converges to
a unique fixed point of 7" in X. O

Proposition 12. Let (X,||-||) be a Banach space and T : X — X such that there are {c,[3,7,d,€} €
Faer and there exists 6 € RT satisfying;

c;

C5

4000
[Tz =Tyl < a(lz—yl)llz -yl ; (52)

— -T — -T

where, Ay e PUz=9Dle=Tal o sllz=yDly=Tu]

5 1+6(H$-3/H¥!31—T96H 1+6(H~”C—31H:,)1Hy—TxH
Cs:= (lz —ylDll= — Tyl : D, = cllz —ylDlly — Tl , for all distinct x,y € X for all k €N,

C Lte(le—yllly—Ta||” " T+e(lz—yl)ly—Tz|
Then the sequence {xy}ren defined by Txi_1 = x) converges to a unique fized point of T in X.

Proof. Tt follows from the proof of Corollary 11 and we conclude that the sequence {xy }ren defined
by Tx,_1 = x3 converges to a unique fixed point of T" in X. O

Proposition 13. Let (X,||||) be a Banach space and T : X — X such that there are {a,3,7,d,€} €
Faer and there exists 0 € RY satisfying;

C(’S"
.AAE;)DG)BV
o
L0005
[Tz =Tyl < a(lz—yl)lz -yl ; (53)
— -T — -T
shere, Ay e PUz=9Dle=Tal o sllz=yDly=Tu]
5 1+6(H$-3/H¥!31—T90H 1+6(!!$—y\¥!!y—Tx\\
Cs:= (lz = yiDllz = Ty| :De = “(lz = yiDlly = Tz| , for all distinct x,y € X for all k €N,

C Lte(le—yllly—Tz||” " T+e(lz—yl)ly—Tz|
Then the sequence {xy}ren defined by Txi_1 = x) converges to a unique fized point of T in X.

Proof. We give the proof of Proposition 13 in its full strength. We prove in two cases:
(a) Observe first that if # = 0, then inequality (53) reduced to

[Tz =Tyl < allz—yl)llz—yll- (54)

First assume that ||, || — ||z*|| in X which means that z,, — x* strongly and let {z, } and {zy, }
be any two subsequences of {xp}. Then clearly Hl“hn —Yn, || — 0, so the condition is satisfied. Next
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assume the condition is satisfied for a given initial point o in X. Then {||2;,, — yn || }nen is a decreasing
sequence of nonnegative real numbers and so approaches some k > 0. Assume x > 0. Then letting h,, =
n and k, =n—+1, we have that ||z, — y, || = & > 0 while Q,, — 1 as n — 0o0. So the condition is violated.
Thus ||z, — Zn+1|| = 0 as n — co. This implies that ||z, — xpy1|| <|lzn — 2| +]|2* — 2p41]| = 0. Now
assume the given sequence of iterates {x,} is not Cauchy. Then there exists some x > 0 such
that every tail {z),},>n of the sequence has diameter G = sup,, >y [|Zn — || > . Given this
K, we will construct a pair of subsequences violating the condition. For any n > 0, let IV,, be large
that || — 21| < 2 for all m > Ny, as is possible that ||zm, — Zpq1| — 0. Let by, > N, be the
lowest integer such that for some ky, > hy, ||z, — 2p, || > k. Such pairs exist by the above diameter
condition. Next choose k, to be the least such integer above h,. Then either k, —1 = h,, or
|zh,, — zh,—1]| < k. In either case we have k < ||z, —zp, 1| < K+ % Moreover, using the triangular

inequality, from inequality (54), we have

T Cn) =T < Non = Tneall =3
= > .

1>0
- lzn=yaull T ||lZh, = Th—

(55)
So Q,, — 1 while |z, —zp,—1]| = K, again violating the condition. Therefore, {z,,} must be a
Cauchy sequence in X and as X is complete, we have x,, — x* for some z* in X. Then by the usual
arguments, x* is a unique fixed point of 7" and the proof of (a) is complete.

(b) The proof follows from proof of part (b) of Proposition 10 and we are done. O

4 Conclusion

In this paper, we established novel conditions for the existence and uniqueness of fixed points
for a newly introduced class of generalized tower mappings in Banach spaces. By integrating
Geraghty auxiliary functions with multi-layered, rational exponential bounds, we constructed a
theoretical framework that systematically relaxes the rigid constraints of classical contraction
principles. Consequently, our findings generalize, improve, and unify existing fixed point theorems

in literature.
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