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Abstract

This paper establishes the existence and uniqueness of fixed points for a new class of mappings
in Banach spaces, involving fixed point analysis for generalized mappings. These mappings are
inspired by the interplay of classical contraction principles and advanced concepts in functional
analysis. We introduce novel conditions that ensure fixed point properties in the context of Banach
spaces. The findings have potential applications in areas such as matrix algebra, combinatorial set
theory, and building technology, where tower-like structures arise naturally. The results extend,
improve, generalize, and unify various existing fixed point theorems in literature.
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1 Introduction

The literature on the concept of tower functions is very scanty but special in Mathematics, spanning
areas such as real analysis, matrix algebra, and combinatorial set theory. For instance, functions
of the form n 7→ nn or matrices of the type AA are classical examples. These functions, though
seemingly elementary, present significant challenges in evaluation and understanding. Similarly, in
metric and normed spaces, mappings exhibiting such behavior have garnered recent attention.

Fixed point theory is a fundamental topological and analytical tool of immense importance
in mathematics, providing the theoretical backbone for proving the existence and uniqueness of
solutions to differential equations, integral equations, and optimization problems. It owes its origins
to the Banach Contraction Principle (BCP), established in 1922 by Stefan Banach. BCP asserts
that a contraction mapping f : X → X on a complete metric space X has a unique fixed point,
provided the contraction condition d(f(x),f(y)) ≤ Ld(x,y), where 0 ≤ L < 1, holds.

While these classical contraction principles are powerful, they possess significant limitations.
Primarily, the BCP requires a strict, uniform contraction constant less than one. This restric-
tive condition renders the classical theory inadequate for maps that are only locally contractive,
nonexpansive, or that exhibit variable asymptotic contraction behavior across complex spaces.
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To circumvent these limitations, we introduce a new class of generalized tower mappings. The
motivation behind this study is to relax classical constraints by utilizing auxiliary control functions
and nested iteration powers. This enables a much richer mathematical framework capable of handling
complex non-linear operators that emerge in advanced applied mathematics. This principle Banach
(1922); Cho, Bae, & Karapinar (2013); Popescu (2014); Geraghty (1973) has since been generalized
extensively. Among these, Cho, Bae, & Karapinar (2013) introduced α-Geraghty contractions, while
Popescu (2014) expanded on these results using alternative conditions.

Recently, Okeke & Francis (2023); Francis & Okeke (2024) advanced the study of tower mappings
in metric spaces, proving fixed point results for Geraghty tower-type mappings. These contributions
build on foundational work by Geraghty (1973) and others Banach (1922); Cho, Bae, & Karapinar
(2013). Extending these works, this paper investigates the existence and uniqueness of fixed points
for mappings involving finite and infinite powers in Banach spaces. The results herein aim to provide
a comprehensive framework that bridges classical contraction principles with new directions in fixed
point theory.

In fact, there are large amount of literature dealing with extensions or generalizations of this
remarkable theorem. This has encountered in so many extensions/generalizations to mention a
few as recorded in Amini-Harandi & Emami (2010); Chu & Diaz (1965); Kannan (1968); Reich
(1972, 1971); Geraghty (1973); Dass & Gupta (1975); Jaggi (1977); Meir & Keeler (1969) and their
references therein. Cho, Bae, & Karapinar (2013) defined the concept of α-Geraghty contraction
type maps in the setting of a metric space and proved the existence and uniqueness of a fixed point
of such maps in the context of a complete metric space. Popescu (2014) generalized the results
obtained in Cho, Bae, & Karapinar (2013) and gave other conditions to prove the existence and
uniqueness of a fixed point of α-Geraghty contraction type maps in the context of a complete metric
space. See also Okeke, Francis, & Gibali (1922); Okeke, Francis, de la Sen, & Abbas (2021); Okeke
& Francis (2021); Okeke, Francis, & de la Sen (2020) for other results in fixed point theory.

Okeke & Francis (2023) defined metric tower mappings in metric spaces and proved the existence
of fixed point of Geraghty tower-type mappings with example in complete metric spaces. In the
same Sprite, Francis & Okeke (2024) defined rational type Geraghty tower contraction mapping
and proved the existence of such rational Geraghty tower results in the context of complete metric
spaces.

The paper is structured as follows: Section 2 outlines the preliminary definitions and foundational
results necessary for the subsequent analysis. Section 3 presents the main results, with detailed
proofs.

2 Preliminaries

Throughout the article N = {n ∈ Z|n ≥ 0} is the set of non-negative integers and R+ = {x ∈ R|x > 0}
is the set of positive real numbers.

To build a contextual framework for our new mappings, it is essential to highlight relevant
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existing fixed point theorems. Following Banach’s work, Kannan demonstrated that a mapping can
have a unique fixed point without being continuous. Furthermore, Geraghty replaced the standard
contraction constant with a class of auxiliary functions mapping to [0,1), ensuring convergence
without a strictly fixed upper bound. Our generalized mappings integrate these rich historical
concepts specifically the structural flexibility of Banach spaces and the non-linear bounding of
Geraghty functions to analyze tower-type functional iterations.

Definition 1. Pathak (2018) Let X be a linear space over field K ( K means R or C) and ∥ · ∥ :
X → R+ a function. Then, ∥ · ∥ is said to be a norm defined on X if the following properties hold:
(N1) ∥x∥ = 0 if and only if x = 0; (strict positivity)
(N2) ∥λx∥ = |λ|∥x∥ for all x ∈ X and λ ∈ K; (absolute homogeneity)
(N3) ∥x+y∥ ≤ ∥x∥+∥y∥ for all x,y ∈ X. (triangle inequality or subadditivity).

The ordered pair (X, ∥ · ∥) is called a normed linear space (abbreviated nls) or simply a normed
space.

Remark 1. (1) ∥x∥ ≥ 0 and ∥−x∥ = ∥x∥ for all x in X.

(2)
∣∣∥x∥−∥y∥

∣∣≤ ∥x−y∥ and
∣∣∥x∥−∥y∥

∣∣≤ ∥x+y∥ for all x,y in X.

(3) ∥ · ∥ is a continuous function; i.e., lim
n→∞

xn = x ⇒ lim
n→∞

∥xn∥ = ∥x∥.

(4) Norm is a convex function; i.e., ∥αx+(1−α)y∥ ≤ α∥x∥+(1−α)∥y∥ for all x,y ∈ X and α ∈ [0,1].
(5) Every normed space (X, ∥·∥) is a metric space with induced metric d defined by d(x, y) = ∥x−y∥
for all x,y in X.

The induced metric in turn defines a topology on X called the norm topology.
(6) If a linear space is equipped with the metric function d : X ×X → R+ by

d(x,y) =

 0, if x = y

1, otherwise

it follows that the linear space is a metric space.

Definition 2. Pathak (2018) A sequence {xn} in a normed space X is said to be convergent to
x ∈ X if lim

n→∞
∥xn −x∥ = 0, i.e., given an ϵ > 0, there exists an integer n0 ∈ N such that

∥xn −x∥ < ϵ, ∀n ≥ n0.

To show that {xn} converges to x, we write xn → x or lim
n→∞

xn = x.

Definition 3. Pathak (2018) (Cauchy sequence) A sequence {xn} in a normed space X is a Cauchy
sequence if lim

m,n→∞
∥xm −xn∥ = 0, i.e., given an ϵ > 0, there exists an integer n0 ∈ N such that

∥xn −xm∥ < ϵ, ∀n, m ≥ n0.

Theorem 2. Pathak (2018) Every convergent sequence in a normed space is Cauchy but not every
Cauchy sequence converges
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Proof. Let {xn} be a sequence in a normed space X and let xn → x. Then, for given ϵ > 0, there
exists n0 ∈ N such that

∥xn −x∥ <
ϵ

2 for all n ≥ n0.

Hence, for m,n ≥ n0, we have

∥xm −xn∥ ≤ ∥xm −x∥+∥x−xn∥ <
ϵ

2 + ϵ

2 = ϵ.

This proves that every convergent sequence is Cauchy in a normed space X. For the converse, see
Pathak (2018).

Remark 3. Normed spaces where every Cauchy sequence is guaranteed to converge are called
Banach spaces. A classical example of a normed space that is not Banach, i.e. Cauchy sequence fail
to converge is the space of polynomials on the interval [0,1] equipped with the supremum norm, as
the limit of certain Cauchy sequences of polynomials requires an infinite degree polynomial like ex

which leaves the space.

Definition 4. Pathak (2018) A normed space is said to be complete if every Cauchy sequence in
it is convergent, i.e., for every Cauchy sequence {xn} in X, there is an element x in X such that
xn → x.

Definition 5. Geraghty (1973) S is the class of functions α : R+ → [0,1) with
(i) R+ = {t ∈ R | t > 0},
(ii) α(tn) → 1 =⇒ tn → 0 as n → ∞.

Definition 6. Chaipunya, Cho, & Kumam (2012) For each n ∈ N, let Sn denote the class of
n-tuples of functions (β1,β2,β3, · · · ,βn), where for each i ∈ {1,2, · · · ,n}, βi : R+ ∪{∞} → [0,1) and
the following implications holds: β(tk) := β1(tk)+β2(tk)+ · · ·+βn(tk) → 1 implies tk → 0.

Definition 7. Okeke & Francis (2023) Let (X,d) be a metric space and T : X → X such that there
are {α,β,γ,δ,ϵ} ∈ FGer. Then T is called a metric tower map if

d(Tx,Ty) ≤ α(d(x,y))d(x,y)A
B

C
Dϵ
δ

γ
β ; (1)

where, Aβ := β(d(x,y))d(x,Tx), Bγ := γ(d(x,y))d(y,Ty), Cδ := δ(d(x,y))d(x,Ty); Dϵ := ϵ(d(x,y))d(y,Tx),
for all distinct x,y ∈ X

Definition 8. Let (X,∥·∥) be a Banach space and T : X → X such that there are {α,β,γ,δ,ϵ} ∈ FGer.
Then T is called a normed tower map if

∥Tx−Ty∥ ≤ α(∥x−y∥)∥x−y∥A
B

C
Dϵ
δ

γ
β ; (2)

where, Aβ := β(∥x−y∥)∥x−Tx∥, Bγ := γ(∥x−y∥)∥y −Ty∥, Cδ := δ(∥x−y∥)∥x−Ty∥;
Dϵ := ϵ(∥x−y∥)∥y −Tx∥, for all distinct x,y ∈ X.
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3 Main Results

Theorem 4. Let (X,∥·∥) be a Banach space and T : X → X such that there are {α,β,γ,δ,ϵ} ∈ FGer

satisfying;

∥Tx−Ty∥2 ≤ α(∥x−Ty∥)∥x−y∥A
B

C
Dϵ
δ

γ
β ; (3)

where, Aβ := β(∥x−Ty∥)∥x−Tx∥
1+ ϵ(∥x−Ty∥)∥y −Tx∥

, Bγ := γ(∥x−Ty∥)∥y −Ty∥
1+ ϵ(∥x−Ty∥)∥y −Tx∥

,

Cδ := δ(∥x−Ty∥)∥x−Ty∥
1+ ϵ(∥x−Ty∥)∥y −Tx∥

; Dϵ := ϵ(∥x−Ty∥)∥y −Tx∥
1+ ϵ(∥x−Ty∥)∥y −Tx∥

, for x,y ∈ X and ln(∥x−y∥) ≤

∥x−y∥, so that there exists θ > 0, ˜∥x−y∥ = ∥x−y∥
θ for which θ ≥ supx,y∈X∥x−y∥, ˜∥x−y∥k ≤ ˜∥x−y∥

for all k ∈ N. Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed point
of T in X.

Proof. Suppose, if possible, otherwise. Let xk = Txk−1, then xk+1 = Txk for all k ∈N. But xk ̸= xk+1

and this implies that ∥xk −xk+1∥ > 0, so that ∥xk −xk+1∥ =∥Txk−1 −Txk∥. From inequality (3),
take x = xk−1 and y = xk for all k ∈ N, thus

∥xk −xk+1∥2 =∥Txk−1 −Txk∥2

≤ α(∥xk−1 −Txk∥)∥xk−1 −xk∥A
B

C
Dϵ
δ

γ
β ; (4)

where;
Aβ := β(∥xk−1 −Txk∥)∥xk−1 −Txk−1∥

1+ ϵ(∥xk−1 −Txk∥)∥xk −Txk−1∥
, Bγ := γ(∥xk−1 −Txk∥)∥xk −Txk∥

1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥
,

Cδ := δ(∥xk−1 −Txk∥)∥xk−1 −Txk∥
1+ ϵ(∥xk−1 −Txk∥)∥xk −Txk−1∥

; Dϵ := ϵ(∥xk−1 −Txk∥)∥xk −Txk−1∥
1+ ϵ(∥xk−1 −Txk∥)∥xk −Txk−1∥

.

So that, Aβ := β(∥xk−1 −xk+1∥)∥xk−1 −xk∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

, Bγ := γ(∥xk−1 −xk+1∥)∥xk −xk+1∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

,

Cδ := δ(∥xk−1 −xk+1∥)∥xk−1 −xk+1∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

; Dϵ := ϵ(∥xk−1 −xk+1∥)∥xk −xk∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

.

Thus, Aβ := β(∥xk−1 −xk+1∥)∥xk−1 −xk∥, Bγ := γ(∥xk−1 −xk+1∥)∥xk −xk+1∥,

Cδ := δ(∥xk−1 −xk+1∥)∥xk−1 −xk+1∥; Dϵ := ϵ(∥xk−1 −xk+1∥)∥xk −xk∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

.

Therefore we have by taking W∥∆xk∥ :=∥xk −xk+1∥2, thus inequality (4) reduced to

W∥∆xk∥ ≤ α(∥xk−1 −xk+1∥)∥xk−1 −xk∥A
Bγ
β

≤α(∥xk−1 −xk+1∥)
∞∑

j=0

(
A

Bγ

β ln(∥xk −xk−1∥)
)j

j!

=α(∥xk−1 −xk+1∥)
∞∑

j=0

A
jBγ

β lnj(∥xk −xk−1∥)
j!
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≤α(∥xk−1 −xk+1∥)
∞∑

j=0

A
jBγ

β ∥xk −xk−1∥
j!

=α(∥xk−1 −xk+1∥)
∞∑

j=0

exp
(

jBγ ln(Aβ)
)

∥xk −xk−1∥

j!

=α(∥xk−1 −xk+1∥)
∞∑

j=0

∥xk −xk−1∥
j!

∞∑
r=0

(
jBγ ln(Aβ)

)r

r!

=α(∥xk−1 −xk+1∥)
∞∑

j=0

∥xk −xk−1∥
j!

∞∑
r=0

jrBγ lnr(Aβ)
r!

=α(∥xk−1 −xk+1∥)
∞∑

j=0

∥xk −xk−1∥
j!

∞∑
r=0

jr γr(∥xk−1 −xk+1∥)∥xk −xk+1∥r ×
lnr(β(∥xk−1 −xk+1∥)∥xk−1 −xk∥)

r!

=α(∥xk−1 −xk+1∥)
∞∑

j=0

∞∑
r=0

jr γr(∥xk−1 −xk+1∥)∥xk −xk+1∥r ×
lnr(β(∥xk−1 −xk+1∥)∥xk−1 −xk∥)∥xk −xk−1∥

j!r!

≤α(∥xk−1 −xk+1∥)
∞∑

j=0

∞∑
r=0

jr

j!r!γ
r(∥xk−1 −xk+1∥)∥xk −xk+1∥r

lnr(β(∥xk−1 −xk+1∥)∥xk−1 −xk∥)∥xk −xk−1∥

≤α(∥xk−1 −xk+1∥)
∞∑

j=0

∞∑
r=0

jr

j!r!γ
r(∥xk−1 −xk+1∥)∥xk −xk+1∥

β(∥xk−1 −xk+1∥)∥xk−1 −xk∥∥xk −xk−1∥

≤α(∥xk−1 −xk+1∥)
∞∑

j=0

∞∑
r=0

jr

j!r!γ
r(∥xk−1 −xk+1∥)∥xk −xk+1∥β(∥xk−1 −xk+1∥)∥xk −xk−1∥

=
∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−1 −xk+1∥)β(∥xk−1 −xk+1∥)γr(∥xk−1 −xk+1∥)∥xk −xk+1∥∥xk −xk−1∥ .

Hence;

∥xk −xk+1∥ ≤
∞∑

j=0

∞∑
r=0

jrα(∥xk−1 −xk+1∥)β(∥xk−1 −xk+1∥)γr(∥xk−1 −xk+1∥)∥xk −xk−1∥

=
( ∞∑

j=0

jrα(∥xk−1 −xk+1∥)β(∥xk−1 −xk+1∥)
1−γj(∥xk−1 −xk+1∥)

)
∥xk −xk−1∥ . (5)

Therefore, from inequality (5), we get;

∥xk −xk+1∥ ≤
∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−1 −xk+1∥)β(∥xk−1 −xk+1∥)γr(∥xk−1 −xk+1∥)∥xk −xk−1∥ . (6)
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Therefore,

∥xk −xk+1∥ ≤
∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−1 −xk+1∥)β(∥xk−1 −xk+1∥)γr(∥xk−1 −xk+1∥)∥xk −xk−1∥

≤
∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−2 −xk∥)β(∥xk−2 −xk∥)γr(∥xk−2 −xk∥)∥xk−1 −xk−2∥

≤
∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−3 −xk−1∥)β(∥xk−3 −xk−1∥)γr(∥xk−3 −xk−1∥)∥xk−2 −xk−3∥

...

≤∥x0 −x1∥ . (7)

Thus, {∥xk −xk+1∥}k∈N is a non-increasing sequence and bounded below for which the sequence
converges to some real number a ≥ 0 (say). If a > 0, then we see that

∥xk −xk+1∥ ≤
∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−1 −xk+1∥)β(∥xk−1 −xk+1∥)γr(∥xk−1 −xk+1∥)∥xk −xk−1∥ . (8)

Thus,

1 ≤ lim
k→∞

inf
{ ∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−1 −xk+1∥)β(∥xk−1 −xk+1∥)γr(∥xk−1 −xk+1∥)
}

. (9)

This implies that lim
k→∞

∥xk−1 −xk+1∥ = 0, which is a contradiction. Therefore,

lim
k→∞

∥xk −xk+1∥ = 0. (10)

Now, we shall show that {xk}k∈N is a Cauchy sequence in X. Suppose that there exists an ϵ∗ > 0
for which we define two sub-sequences {xkj

}j∈N and {xkh
}h∈N of {xk}k∈N such that for kj > kh > k,

xkj
≥ xkj−1 and xkj

̸= xkh
so that

∥∥∥xkj
−xkh

∥∥∥ > ϵ∗ and
∥∥∥xkj−1 −xkj

∥∥∥ < η,
∥∥∥xkh−1 −xkh

∥∥∥ < ϑ. Now∥∥∥xkj
−xkh

∥∥∥2
=
∥∥∥Txkj−1 −Txkh−1

∥∥∥2
. Take x = xkj−1 and y = xkh−1 , so inequality (3) becomes;

∥∥∥xkj
−xkh

∥∥∥2
=
∥∥∥Txkj−1 −Txkh

∥∥∥2

≤ α
(∥∥∥xkj−1 −xkh−1

∥∥∥)∥∥∥xkj−1 −xkh−1

∥∥∥A
B

C
Dϵ
δ

γ
β ; (11)

where,

Aβ :=
β
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −Txkj−1

∥∥∥
1+ ϵ

(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −Txkj−1

∥∥∥ , Bγ :=
γ
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −Txkh−1

∥∥∥
1+ ϵ

(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −Txkj−1

∥∥∥ ,
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Cδ :=
δ
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −Txkh−1

∥∥∥
1+ ϵ

(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −Txkj−1

∥∥∥ ; Dϵ :=
ϵ
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −Txkj−1

∥∥∥
1+ ϵ

(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −Txkj−1

∥∥∥ .

Hence,

Aβ :=
β
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkj

∥∥∥
1+ ϵ

(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥ , Bγ :=
γ
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkh

∥∥∥
1+ ϵ

(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥ ,

Cδ :=
δ
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkh

∥∥∥
1+ ϵ

(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥ ; Dϵ :=
ϵ
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥
1+ ϵ

(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥ ,

So that,

Aβ :=
β
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkj

∥∥∥
1+ ϵ

(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥ ≤ β
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkj

∥∥∥,
Bγ :=

γ
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkh

∥∥∥
1+ ϵ

(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥ ≤ γ
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkh

∥∥∥,
Cδ :=

δ
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkh

∥∥∥
1+ ϵ

(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥ ≤ δ
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkh

∥∥∥;
Dϵ :=

ϵ
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥
1+ ϵ

(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥ ≤ ϵ
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥.
Thus, from inequality (11), we get by letting

tkj
=
∥∥∥xkj

−xkh

∥∥∥2

tkj
=
∥∥∥Txkj−1 −Txkh−1

∥∥∥2

≤ α
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkh−1

∥∥∥A
B

C
Dϵ
δ

γ
β

= α
(∥∥∥xkj−1 −xkh

∥∥∥)exp
{

A
B

C
Dϵ
δ

γ

β ln
(∥∥∥xkj−1 −xkh

∥∥∥)}

= α
(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

{
A

B
C

Dϵ
δ

γ

β ln
(∥∥∥xkj−1 −xkh

∥∥∥)}i

i!

= α
(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

A
iB

C
Dϵ
δ

γ

β lni
(∥∥∥xkj−1 −xkh

∥∥∥)
i!

= α
(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

lni
(∥∥∥xkj−1 −xkh−1

∥∥∥)
i! exp

(
iB

CDϵ
δ

γ ln(Aβ)
)
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= α
(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

lni
(∥∥∥xkj−1 −xkh−1

∥∥∥)
i!

∞∑
r=0

(
iB

CDϵ
δ

γ ln(Aβ)
)r

r!

= α
(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

lni
(∥∥∥xkj−1 −xkh−1

∥∥∥)
i!

∞∑
r=0

ir lnr(Aβ)
r! B

rCDϵ
δ

γ

= α
(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

lni
(∥∥∥xkj−1 −xkh−1

∥∥∥)
i!

∞∑
r=0

ir lnr(Aβ)
r! exp

(
rCDϵ

δ ln(Bγ)
)

= α
(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

lni
(∥∥∥xkj−1 −xkh−1

∥∥∥)
i!

∞∑
r=0

ir lnr(Aβ)
r!

∞∑
m=0

rmCmDϵ
δ lnm(Bγ)

m!

= α
(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

lni
(∥∥∥xkj−1 −xkh−1

∥∥∥)
i!

∞∑
r=0

ir lnr(Aβ)
r!

∞∑
m=0

rm lnm(Bγ)
m! exp

(
mDϵ ln(Cδ)

)

= α
(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

lni
(∥∥∥xkj−1 −xkh−1

∥∥∥)
i!

∞∑
r=0

ir lnr(Aβ)
r!

∞∑
m=0

rm lnm(Bγ)
m!

∞∑
n=0

mnDn
ϵ lnn(Cδ)
n!

= α
(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

∞∑
r=0

∞∑
m=0

∞∑
n=0

irrmmn lnr(Aβ) lnm(Bγ) lnn(Cδ)
i!r!m!n! Dn

ϵ lni
(∥∥∥xkj−1 −xkh−1

∥∥∥)
≤ α

(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

∞∑
r=0

∞∑
m=0

∞∑
n=0

irrmmn

i!r!m!n! lnr(Aβ) lnm(Bγ) lnn(Cδ)Dn
ϵ lni

(∥∥∥xkj−1 −xkh−1

∥∥∥)
≤ α

(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

∞∑
r=0

∞∑
m=0

∞∑
n=0

irrmmn

i!r!m!n!A
r
βBm

γ Cn
δ Dn

ϵ

∥∥∥xkj−1 −xkh−1

∥∥∥
≤ α

(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

∞∑
r=0

∞∑
m=0

∞∑
n=0

irrmmn

i!r!m!n!β
r
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkj

∥∥∥γm
(∥∥∥xkj−1 −xkh

∥∥∥)
×
∥∥∥xkh−1 −xkh

∥∥∥δn
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkh

∥∥∥(ϵ
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥)n

×
∥∥∥xkj−1 −xkh−1

∥∥∥
= α

(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

∞∑
r=0

∞∑
m=0

∞∑
n=0

irrmmn

i!r!m!n!β
r
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkj

∥∥∥γm
(∥∥∥xkj−1 −xkh

∥∥∥)
×
∥∥∥xkh−1 −xkh

∥∥∥δn
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkh

∥∥∥n
ϵn
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥
×
∥∥∥xkj−1 −xkh−1

∥∥∥
≤ α

(∥∥∥xkj−1 −xkh

∥∥∥) ∞∑
i=0

∞∑
r=0

∞∑
m=0

∞∑
n=0

irrmmn

i!r!m!n!β
r
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkj

∥∥∥γm
(∥∥∥xkj−1 −xkh

∥∥∥)
×
∥∥∥xkh−1 −xkh

∥∥∥δn
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkh

∥∥∥ϵn
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥
×
∥∥∥xkj−1 −xkh−1

∥∥∥
≤ ηϑ

∞∑
i=0

∞∑
r=0

∞∑
m=0

∞∑
n=0

irrmmn

i!r!m!n!α
(∥∥∥xkj−1 −xkh

∥∥∥)βr
(∥∥∥xkj−1 −xkh

∥∥∥)γm
(∥∥∥xkj−1 −xkh

∥∥∥)
δn
(∥∥∥xkj−1 −xkh

∥∥∥)ϵn
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkh−1 −xkj

∥∥∥∥∥∥xkj−1 −xkh

∥∥∥∥∥∥xkj−1 −xkh−1

∥∥∥
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≤ ηϑ
∞∑

i=0

∞∑
r=0

∞∑
m=0

∞∑
n=0

irrmmn

i!r!m!n!α
(∥∥∥xkj−1 −xkh

∥∥∥)βr
(∥∥∥xkj−1 −xkh

∥∥∥)γm
(∥∥∥xkj−1 −xkh

∥∥∥)
δn
(∥∥∥xkj−1 −xkh

∥∥∥)ϵn
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj−1 −xkh

∥∥∥∥∥∥xkj−1 −xkh−1

∥∥∥
≤ ηϑ

∞∑
i=0

∞∑
r=0

∞∑
m=0

∞∑
n=0

irrmmn

i!r!m!n!α
(∥∥∥xkj−1 −xkh

∥∥∥)βr
(∥∥∥xkj−1 −xkh

∥∥∥)γm
(∥∥∥xkj−1 −xkh

∥∥∥)
δn
(∥∥∥xkj−1 −xkh

∥∥∥)ϵn
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj
−xkh

∥∥∥∥∥∥xkj
−xkh−1

∥∥∥ . (12)

From inequality (12), we have

∥∥∥xkj
−xkh

∥∥∥2
≤ ηϑ

∞∑
i=0

∞∑
r=0

∞∑
m=0

∞∑
n=0

irrmmn

i!r!m!n!α
(∥∥∥xkj−1 −xkh

∥∥∥)βr
(∥∥∥xkj−1 −xkh

∥∥∥)γm
(∥∥∥xkj−1 −xkh

∥∥∥)
δn
(∥∥∥xkj−1 −xkh

∥∥∥)ϵn
(∥∥∥xkj−1 −xkh

∥∥∥)∥∥∥xkj
−xkh−1

∥∥∥ . (13)

From inequality (13), we get;

1
ηϑ

≤ lim
j,h→∞

inf
{ ∞∑

i=0

∞∑
r=0

∞∑
m=0

∞∑
n=0

irrmmn

i!r!m!n!α
(∥∥∥xkj−1 −xkh

∥∥∥)βr
(∥∥∥xkj−1 −xkh

∥∥∥)γm
(∥∥∥xkj−1 −xkh

∥∥∥)
δn
(∥∥∥xkj−1 −xkh

∥∥∥)ϵn
(∥∥∥xkj−1 −xkh

∥∥∥)}, (14)

so that

1
σ

≤ lim
j,h→∞

inf
{ ∞∑

i=0

∞∑
r=0

∞∑
m=0

∞∑
n=0

irrmmn

i!r!m!n!α
(∥∥∥xkj−1 −xkh

∥∥∥)βr
(∥∥∥xkj−1 −xkh

∥∥∥)γm
(∥∥∥xkj−1 −xkh

∥∥∥)
δn
(∥∥∥xkj−1 −xkh

∥∥∥)ϵn
(∥∥∥xkj−1 −xkh

∥∥∥)}, (15)

as σ = ηϑ, which implies that lim
h,j→∞

∥∥∥xkj−1 −xkh

∥∥∥= 0, so that

lim
h,j→∞

∥∥∥xkj
−xkh

∥∥∥< ϵ∗. (16)

This is a contradiction, hence {xk}k∈N is a Cauchy sequence in Banach space X. Since Banach
space X is complete, there is a candidate x∗ ∈ X such that xk → x∗ ∈ X. Now we show that x∗ is
a fixed point of T . Suppose that Tx∗ ̸= x∗ and ∥xk −Tx∗∥ =∥Txk−1 −Tx∗∥. From inequality (3),
take x = xk−1 and y = x∗ for all k ∈ N, thus;

∥∥xk −Tx∗∥∥2 =
∥∥Txk−1 −Tx∗∥∥2

≤ α
(∥∥xk−1 −Tx∗∥∥)∥∥xk−1 −x∗∥∥A

B
C

Dϵ
δ

γ
β ; (17)

where;
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Aβ :=
β
(
∥xk−1 −Tx∗∥

)
∥xk−1 −Txk−1∥

1+ ϵ
(
∥xk−1 −Tx∗∥

)
∥x∗ −Txk−1∥

, Bγ :=
γ
(
∥xk−1 −Tx∗∥

)
∥x∗ −Tx∗∥

1+ ϵ
(
∥xk−1 −Tx∗∥

)
∥x∗ −Txk−1∥

,

Cδ :=
δ
(
∥xk−1 −Tx∗∥

)
∥xk−1 −Tx∗∥

1+ ϵ
(
∥xk−1 −Tx∗∥

)
∥x∗ −Txk−1∥

; Dϵ :=
ϵ
(
∥xk−1 −Tx∗∥

)
∥x∗ −Txk−1∥

1+ ϵ
(
∥xk−1 −Tx∗∥

)
∥x∗ −Txk−1∥

.

Thus, Aβ :=
β
(
∥xk−1 −Tx∗∥

)
∥xk−1 −xk∥

1+ ϵ
(
∥xk−1 −Tx∗∥

)
∥x∗ −xk∥

≤ β
(∥∥xk−1 −Tx∗∥∥)∥xk−1 −xk∥,

Bγ :=
γ
(
∥xk−1 −Tx∗∥

)
∥x∗ −Tx∗∥

1+ ϵ
(
∥xk−1 −Tx∗∥

)
∥x∗ −xk∥

≤ γ
(∥∥xk−1 −Tx∗∥∥)∥∥x∗ −Tx∗∥∥,

Cδ :=
δ
(
∥xk−1 −Tx∗∥

)
∥xk−1 −Tx∗∥

1+ ϵ
(
∥xk−1 −Tx∗∥

)
∥x∗ −xk∥

≤ δ
(∥∥xk−1 −Tx∗∥∥)∥∥xk−1 −Tx∗∥∥;

Dϵ :=
ϵ
(
∥xk−1 −Tx∗∥

)
∥x∗ −xk∥

1+ ϵ
(
∥xk−1 −Tx∗∥

)
∥x∗ −xk∥

≤ ϵ
(∥∥xk−1 −Tx∗∥∥)∥∥x∗ −xk

∥∥.
From inequality (16), we get; ∥∥x∗ −Tx∗∥∥2 = 0, (18)

this is a contradiction. Therefore, x∗ = Tx∗. For the uniqueness, suppose that the fixed point of T

in X that is x∗ = Tx∗ for some x∗ ∈ Fix(T ). Again, suppose if possible that there exists another
fixed point of T in X, that is y∗ = Ty∗ for some y∗ ∈ Fix(T ). Now suppose that {x∗ ̸= y∗} =⇒
∥x∗ −y∗∥ > 0. Now, we know that

∥∥x∗ −y∗∥∥2 = lim
k→∞

∥∥xk −y∗∥∥2

= lim
k→∞

∥∥Txk−1 −Ty∗∥∥2

≤ lim
k→∞

α
(∥∥xk−1 −Ty∗∥∥)∥∥xk−1 −y∗∥∥A

B
C

Dϵ
δ

γ
β (19)

where,

Aβ :=
β
(
∥xk−1 −Ty∗∥

)
∥xk−1 −Txk−1∥

1+ ϵ
(
∥xk−1 −Ty∗∥

)
∥y∗ −Txk−1∥

, Bγ :=
γ
(
∥xk−1 −Ty∗∥

)
∥y∗ −Ty∗∥

1+ ϵ
(
∥xk−1 −Ty∗∥

)
∥y∗ −Txk−1∥

,

Cδ :=
δ
(
∥xk−1 −Ty∗∥

)
∥xk−1 −Ty∗∥

1+ ϵ
(
∥xk−1 −Ty∗∥

)
∥y∗ −Txk−1∥

; Dϵ :=
ϵ
(
∥xk−1 −Ty∗∥

)
∥y∗ −Txk−1∥

1+ ϵ
(
∥xk−1 −Ty∗∥

)
∥y∗ −Txk−1∥

,

so that Aβ :=
β
(
∥xk−1 −y∗∥

)
∥xk−1 −Txk−1∥

1+ ϵ
(
∥xk−1 −y∗∥

)
∥y∗ −Txk−1∥

≤ β
(
∥x∗ −y∗∥

)
∥xk−1 −xk∥,

Bγ :=
γ
(
∥xk−1 −y∗∥

)
∥y∗ −y∗∥

1+ ϵ
(
∥xk−1 −y∗∥

)
∥y∗ −Txk−1∥

≤ γ
(
∥xk−1 −y∗∥

)
∥y∗ −y∗∥ = 0,
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Cδ :=
δ
(
∥xk−1 −y∗∥

)
∥xk−1 −y∗∥

1+ ϵ
(
∥xk−1 −y∗∥

)
∥y∗ −Txk−1∥

≤ δ
(
∥xk−1 −y∗∥

)
∥xk−1 −y∗∥;

Dϵ :=
ϵ
(
∥xk−1 −y∗∥

)
∥y∗ −Txk−1∥

1+ ϵ
(
∥xk−1 −y∗∥

)
∥y∗ −Txk−1∥

≤ ϵ
(
∥xk−1 −y∗∥

)
∥y∗ −xk∥.

We can see clearly from inequality (19) as k → ∞, collapsed to

∥∥x∗ −y∗∥∥2 ≤ α
(∥∥x∗ −y∗∥∥)∥∥x∗ −y∗∥∥ , (20)

Thus; ∥∥x∗ −y∗∥∥≤ α(
∥∥x∗ −y∗∥∥)∥∥x∗ −y∗∥∥ . (21)

So, α
(
∥x∗ −y∗∥

)
→ 1 =⇒ ∥x∗ −y∗∥ = 0. Therefore,

∥∥x∗ −y∗∥∥= 0, (22)

which is a contradiction. Hence equation (22) shows that the sequence {xk}k∈N defined by Txk−1 = xk

converges to a unique fixed point of T in X and the proof is completed.

Remark 5. The power of the generalized inequality (3) lies in its ability to reduce to foundational
fixed point theorems by placing specific restrictions on the Geraghty function classes (FGer) and
the exponent tower.
(1) Banach Contraction Condition: Suppose we restrict our functions such that α(·) = L2 where
L ∈ [0,1) (which is a valid constant function in the Geraghty class). Furthermore, assume the
auxiliary functions (β,γ,δ,ϵ) are configured such that the entire rational exponent tower evaluates

to 2, i.e., A
B

C
Dϵ
δ

γ

β = 2. Under these conditions, the main inequality (3) reduces to

∥Tx−Ty∥2 ≤ L2∥x−y∥2 . (23)

Taking the square root of both sides immediately yields:

∥Tx−Ty∥ ≤ L∥x−y∥ , (24)

which makes the classical Banach contraction condition in Banach spaces evident.
(2) Geraghty Contraction Condition: If we allow α ∈ FGer to remain a standard Geraghty function

(rather than a constant), but again restrict the tower components such that A
B

C
Dϵ
δ

γ

β = 2, substituting
this into (3) yields

∥Tx−Ty∥2 ≤ α(∥x−Ty∥)∥x−y∥2 . (25)

Taking the square root gives:

∥Tx−Ty∥ ≤
√

α(∥x−Ty∥)∥x−y∥ . (26)
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Because the square root of a Geraghty function mapping to [0,1) maintains the fundamental
properties of the Geraghty class, this isolates the classical Geraghty contraction condition within
the context of a Banach space.

Corollary 6. Let (X,∥·∥) be a Banach space and T : X → X such that there are {α,β,γ,δ,ϵ} ∈ FGer

satisfying;

∥Tx−Ty∥2 ≤ α(∥x−Ty∥)∥x−y∥A
B

C
D

A
B

C
Dϵ
δ

γ
β

ϵ
δ

γ
β ; (27)

where, Aβ := β(∥x−Ty∥)∥x−Tx∥
1+ ϵ(∥x−Ty∥)∥y −Tx∥

, Bγ := γ(∥x−Ty∥)∥y −Ty∥
1+ ϵ(∥x−Ty∥)∥y −Tx∥

,

Cδ := δ(∥x−Ty∥)∥x−Ty∥
1+ ϵ(∥x−Ty∥)∥y −Tx∥

; Dϵ := ϵ(∥x−Ty∥)∥y −Tx∥
1+ ϵ(∥x−Ty∥)∥y −Tx∥

, for all distinct x,y ∈ X and

ln(∥x−y∥) ≤ ∥x−y∥, so that there exists θ > 0, ˜∥x−y∥ = ∥x−y∥
θ for which θ ≥ supx,y∈X∥x−y∥,

˜∥x−y∥k ≤ ˜∥x−y∥ for all k ∈ N. Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a
unique fixed point of T in X.

Proof. Suppose, if possible, otherwise. Let xk = Txk−1, then xk+1 = Txk for all k ∈N. But xk ̸= xk+1

and this implies that ∥xk −xk+1∥ > 0, so that ∥xk −xk+1∥ =∥Txk−1 −Txk∥. From inequality (27),
take x = xk−1 and y = xk for all k ∈ N, thus

∥xk −xk+1∥2 =∥Txk−1 −Txk∥2

≤ α(∥xk−1 −Txk∥)∥xk−1 −xk∥A
B

C
D

A
B

C
Dϵ
δ

γ
β

ϵ
δ

γ
β ; (28)

where;
Aβ := β(∥xk−1 −Txk∥)∥xk−1 −Txk−1∥

1+ ϵ(∥xk−1 −Txk∥)∥xk −Txk−1∥
, Bγ := γ(∥xk−1 −Txk∥)∥xk −Txk∥

1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥
,

Cδ := δ(∥xk−1 −Txk∥)∥xk−1 −Txk∥
1+ ϵ(∥xk−1 −Txk∥)∥xk −Txk−1∥

; Dϵ := ϵ(∥xk−1 −Txk∥)∥xk −Txk−1∥
1+ ϵ(∥xk−1 −Txk∥)∥xk −Txk−1∥

.

So that, Aβ := β(∥xk−1 −xk+1∥)∥xk−1 −xk∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

, Bγ := γ(∥xk−1 −xk+1∥)∥xk −xk+1∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

,

Cδ := δ(∥xk−1 −xk+1∥)∥xk−1 −xk+1∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

; Dϵ := ϵ(∥xk−1 −xk+1∥)∥xk −xk∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

.

Thus, Aβ := β(∥xk−1 −xk+1∥)∥xk−1 −xk∥, Bγ := γ(∥xk−1 −xk+1∥)∥xk −xk+1∥,

Cδ := δ(∥xk−1 −xk+1∥)∥xk−1 −xk+1∥; Dϵ := ϵ(∥xk−1 −xk+1∥)∥xk −xk∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

= 0.
Then the conclusion follows from proof of Theorem 4.

Corollary 7. Let (X,∥·∥) be a Banach space and T : X → X such that there are {α,β,γ,δ,ϵ} ∈ FGer
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satisfying;

∥Tx−Ty∥2 ≤ α(∥x−Ty∥)∥x−y∥A
B

C
D

A
B

D
Cδ
ϵ

γ
β

ϵ
δ

γ
β ; (29)

where, Aβ := β(∥x−Ty∥)∥x−Tx∥
1+ ϵ(∥x−Ty∥)∥y −Tx∥

, Bγ := γ(∥x−Ty∥)∥y −Ty∥
1+ ϵ(∥x−Ty∥)∥y −Tx∥

,

Cδ := δ(∥x−Ty∥)∥x−Ty∥
1+ ϵ(∥x−Ty∥)∥y −Tx∥

; Dϵ := ϵ(∥x−Ty∥)∥y −Tx∥
1+ ϵ(∥x−Ty∥)∥y −Tx∥

, for all distinct x,y ∈ X and

ln(∥x−y∥) ≤ ∥x−y∥, so that there exists θ > 0, ˜∥x−y∥ = ∥x−y∥
θ for which θ ≥ supx,y∈X∥x−y∥,

˜∥x−y∥k ≤ ˜∥x−y∥ for all k ∈ N. Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a
unique fixed point of T in X.

Proof. Suppose, if possible, otherwise. Let xk = Txk−1, then xk+1 = Txk for all k ∈N. But xk ̸= xk+1

and this implies that ∥xk −xk+1∥ > 0, so that ∥xk −xk+1∥ =∥Txk−1 −Txk∥. From inequality (29),
take x = xk−1 and y = xk for all k ∈ N, thus

∥xk −xk+1∥2 =∥Txk−1 −Txk∥2

≤ α(∥xk−1 −Txk∥)∥xk−1 −xk∥A
B

C
D

A
B

D
Cδ
ϵ

γ
β

ϵ
δ

γ
β ; (30)

where;
Aβ := β(∥xk−1 −Txk∥)∥xk−1 −Txk−1∥

1+ ϵ(∥xk−1 −Txk∥)∥xk −Txk−1∥
, Bγ := γ(∥xk−1 −Txk∥)∥xk −Txk∥

1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥
,

Cδ := δ(∥xk−1 −Txk∥)∥xk−1 −Txk∥
1+ ϵ(∥xk−1 −Txk∥)∥xk −Txk−1∥

; Dϵ := ϵ(∥xk−1 −Txk∥)∥xk −Txk−1∥
1+ ϵ(∥xk−1 −Txk∥)∥xk −Txk−1∥

.

So that, Aβ := β(∥xk−1 −xk+1∥)∥xk−1 −xk∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

, Bγ := γ(∥xk−1 −xk+1∥)∥xk −xk+1∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

,

Cδ := δ(∥xk−1 −xk+1∥)∥xk−1 −xk+1∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

; Dϵ := ϵ(∥xk−1 −xk+1∥)∥xk −xk∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

.

Thus, Aβ := β(∥xk−1 −xk+1∥)∥xk−1 −xk∥, Bγ := γ(∥xk−1 −xk+1∥)∥xk −xk+1∥,

Cδ := δ(∥xk−1 −xk+1∥)∥xk−1 −xk+1∥; Dϵ := ϵ(∥xk−1 −xk+1∥)∥xk −xk∥
1+ ϵ(∥xk−1 −xk+1∥)∥xk −xk∥

= 0.

Therefore we have by taking W∥∆xk∥ :=∥xk −xk+1∥2, thus inequality (30) reduced to

W∥∆xk∥ ≤ α(∥xk−1 −xk+1∥)∥xk−1 −xk∥A
Bγ
β

≤α(∥xk−1 −xk+1∥)
∞∑

j=0

(
A

Bγ

β ln(∥xk −xk−1∥)
)j

j!

=α(∥xk−1 −xk+1∥)
∞∑

j=0

A
jBγ

β lnj(∥xk −xk−1∥)
j!
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≤α(∥xk−1 −xk+1∥)
∞∑

j=0

A
jBγ

β ∥xk −xk−1∥
j!

=α(∥xk−1 −xk+1∥)
∞∑

j=0

exp
(

jBγ ln(Aβ)
)

∥xk −xk−1∥

j!

=α(∥xk−1 −xk+1∥)
∞∑

j=0

∥xk −xk−1∥
j!

∞∑
r=0

(
jBγ ln(Aβ)

)r

r!

=α(∥xk−1 −xk+1∥)
∞∑

j=0

∥xk −xk−1∥
j!

∞∑
r=0

jrBr
γ lnr(Aβ)

r!

=α(∥xk−1 −xk+1∥)
∞∑

j=0

∥xk −xk−1∥
j!

∞∑
r=0

jr γr(∥xk−1 −xk+1∥)∥xk −xk+1∥r ×
lnr(β(∥xk−1 −xk+1∥)∥xk−1 −xk∥)

r!

=α(∥xk−1 −xk+1∥)
∞∑

j=0

∞∑
r=0

jr γr(∥xk−1 −xk+1∥)∥xk −xk+1∥r ×
lnr(β(∥xk−1 −xk+1∥)∥xk−1 −xk∥)∥xk −xk−1∥

j!r!

≤α(∥xk−1 −xk+1∥)
∞∑

j=0

∞∑
r=0

jr

j!r!γ
r(∥xk−1 −xk+1∥)∥xk −xk+1∥r

lnr(β(∥xk−1 −xk+1∥)∥xk−1 −xk∥)∥xk −xk−1∥

≤α(∥xk−1 −xk+1∥)
∞∑

j=0

∞∑
r=0

jr

j!r!γ
r(∥xk−1 −xk+1∥)∥xk −xk+1∥

βr(∥xk−1 −xk+1∥)∥xk−1 −xk∥∥xk −xk−1∥

≤α(∥xk−1 −xk+1∥)
∞∑

j=0

∞∑
r=0

jr

j!r!γ
r(∥xk−1 −xk+1∥)∥xk −xk+1∥βr(∥xk−1 −xk+1∥)∥xk −xk−1∥

=
∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−1 −xk+1∥)βr(∥xk−1 −xk+1∥)γr(∥xk−1 −xk+1∥)∥xk −xk+1∥∥xk −xk−1∥ .

Hence;

∥xk −xk+1∥ ≤
∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−1 −xk+1∥)βr(∥xk−1 −xk+1∥)γr(∥xk−1 −xk+1∥)∥xk −xk−1∥

=
( ∞∑

j=0

jr

j!r!
α(∥xk−1 −xk+1∥)βr(∥xk−1 −xk+1∥)

1−γr(∥xk−1 −xk+1∥)

)
∥xk −xk−1∥ . (31)

Therefore, from inequality (31), we get;

∥xk −xk+1∥ ≤
∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−1 −xk+1∥)βr(∥xk−1 −xk+1∥)γr(∥xk−1 −xk+1∥)∥xk −xk−1∥ . (32)

Applied Science Innovation (ASI) | Vol. 1, Issue 1, May 2026. Page 299



https://asijournal.org ISSN: 3141-6292 Daniel (2026)

Therefore,

∥xk −xk+1∥ ≤
∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−1 −xk+1∥)βr(∥xk−1 −xk+1∥)γr(∥xk−1 −xk+1∥)∥xk −xk−1∥

≤
∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−2 −xk∥)βr(∥xk−2 −xk∥)γr(∥xk−2 −xk∥)∥xk−1 −xk−2∥

≤
∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−3 −xk−1∥)βr(∥xk−3 −xk−1∥)γr(∥xk−3 −xk−1∥)∥xk−2 −xk−3∥

...

≤∥x0 −x1∥ . (33)

Thus, {∥xk −xk+1∥}k∈N is a non-increasing sequence and bounded below for which the sequence
converges to some real number a ≥ 0 (say). If a > 0, then we see that

∥xk −xk+1∥ ≤
∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−1 −xk+1∥)βr(∥xk−1 −xk+1∥)γr(∥xk−1 −xk+1∥)∥xk −xk−1∥ . (34)

Thus,

1 ≤ lim
k→∞

inf
{ ∞∑

j=0

∞∑
r=0

jr

j!r!α(∥xk−1 −xk+1∥)βr(∥xk−1 −xk+1∥)γr(∥xk−1 −xk+1∥)
}

. (35)

This implies that lim
k→∞

∥xk−1 −xk+1∥ = 0, which is a contradiction. Therefore,

lim
k→∞

∥xk −xk+1∥ = 0. (36)

To show that {xk}k∈N is a Cauchy sequence in X follows with little modification from inequality
(11). Therefore, we can see that the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique
fixed point of T in X.

Proposition 8. Let (X,∥·∥) be a Banach space and T : X → X such that there are {α,β,γ,δ,ϵ} ∈ FGer

satisfying;

∥Tx−Ty∥ ≤ α(∥x−y∥)∥x−y∥A
D

B
C··

·

δ
γ

ϵ
β ; (37)

where, Aβ := β(∥x−y∥)∥x−Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, Bγ := γ(∥x−y∥)∥y −Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

,

Cδ := δ(∥x−y∥)∥x−Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

; Dϵ := ϵ(∥x−y∥)∥y −Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, for all distinct x,y ∈ X for all k ∈N.

Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed point of T in X.

Remark 9. The ··· in the upper most of inequality (37) means that AD
B

C··
·

δ
γ

ϵ
β is climbing upstairs
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simultaneously to infinity.

Proof. Suppose that {xk}k∈N ⊆ X, we put xk = Txk−1, then xk+1 = Txk for all k ∈N. But xk ̸= xk+1

and this implies that ∥xk −xk+1∥ > 0, so that ∥xk −xk+1∥ =∥Txk−1 −Txk∥. From inequality (37),
take x = xk−1 and y = xk for all k ∈ N, thus

∥Txk−1 −Txk∥ ≤ α(∥xk−1 −xk∥)∥xk−1 −xk∥A
D

B
C··

·

δ
γ

ϵ
β ; (38)

where,
Aβ := β(∥xk−1 −xk∥)∥xk−1 −Txk−1∥

1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥
, Bγ := γ(∥xk−1 −xk∥)∥xk −Txk∥

1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥
,

Cδ := δ(∥xk−1 −xk∥)∥xk−1 −Txk∥
1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥

; Dϵ := ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥
1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥

.
Thus,
Aβ := β(∥xk−1 −xk∥)∥xk−1 −xk∥, Bγ := γ(∥xk−1 −xk∥)∥xk −xk+1∥,
Cδ := δ(∥xk−1 −xk∥)∥xk−1 −xk+1∥; Dϵ := ϵ(∥xk−1 −xk∥)∥xk −xk∥.
So inequality (38) becomes;

∥Txk−1 −Txk∥ ≤ α(∥xk−1 −xk∥)∥xk−1 −xk∥ . (39)

We need only to show that the existence of such an α in FGer is equivalent to say that for
∥xk∥ →∥x∗∥ in X, which means that xk → x∗ strongly with x∗ a unique fixed point of T , iff for
any two subsequences xhn and xhk

of xk with xhn ̸= xhk
, we have that Ωk → 1 only if ∥·∥k → 0,i.e.,

∥xk −yk∥ ≤∥xk −x∗∥+∥yk −x∗∥ → 0, where we take for any pair of sequences xk and yk with xk ̸= yk,

we write ∥·∥k = ∥xk −yk∥ and Ωk =
∥∥T (xk)−T (yk)

∥∥
∥xk −yk∥

. First assume such an α exists. Let {xhn}

and {xkn} be two subsequences with xhn ̸= xkn . Assume that Ωk → 1 as k → ∞. Then it follows
immediately from inequality (39) that α(

∥∥xhn −xkn

∥∥) → 1 as n → ∞. But then since α ∈ FGer,
we have

∥∥xhn −xkn

∥∥ → 0. Next assume that the sequential condition holds. Define α : R+ → R

as follows α(t) = sup
{

∥T (xn)−T (xm)∥
∥xn−xm∥ :∥xn −xm∥ ≥ t

}
. From inequality (39), the quotients are all

below 1 and so α is defined for all t > 0 and α ≤ 1. Now assume that α(tn) → 1 for tn ∈ R+. We
may further assume without loss of generality that 1− 1

n
≤ α(tn) ≤ 1. We must show that tn → 0.

But α(tn) is the above least upper bound. So there is for each n > 0 a pair {xhn} and {xkn} of {xk}

with
∥∥xhn −xkn

∥∥≥ tn and 1− 1
n

<

∥∥T (xhn)−T (xkn)
∥∥∥∥xhn −xkn

∥∥ ≤ α(tn). So the sequence Ωk → 1 as k → ∞.

But then by the sequential condition above,
∥∥xhn −xkn

∥∥≤
∥∥xhn −x∗∥∥+

∥∥x∗ −xkn

∥∥→ 0. So tn → 0,
as was shown. This completes the proof of Proposition 8.

Proposition 10. Let (X,∥·∥) be a Banach space and T : X → X such that there are {α,β,γ,δ,ϵ} ∈
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FGer and there exists θ ∈ R+ satisfying;

∥Tx−Ty∥ ≨ α(∥x−y∥)∥x−y∥A
(θDϵ)B

C
A

(θDϵ)B
C··

·

δ
γ

β
δ

γ

β ; (40)

where, Aβ := β(∥x−y∥)∥x−Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, Bγ := γ(∥x−y∥)∥y −Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

,

Cδ := δ(∥x−y∥)∥x−Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

; Dϵ := ϵ(∥x−y∥)∥y −Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, for all distinct x,y ∈ X for all k ∈N.

Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed point of T in X.

Proof. We give the proof of Proposition 10 in its full strength. The proof decomposed into two
cases:
Case (a) Observe first that if θ = 0, then inequality (40) reduced to

∥Tx−Ty∥ < α(∥x−y∥)∥x−y∥ . (41)

First assume that ∥xn∥ →∥x∗∥ in X which means that xn → x∗ strongly and let {xhn} and {xkn}
be any two subsequences of {xh}. Then clearly

∥∥xhn −yhn

∥∥ → 0, so the condition is satisfied.
Next assume the condition is satisfied for a given initial point x0 in X. Then {∥xn −yn∥}n∈N is
a decreasing sequence of nonnegative real numbers and so approaches some ϵ∗ ≥ 0. Assume that
ϵ∗ > 0. Then letting hn = n and kn = n + 1, we have that ∥xn −yn∥ → ϵ∗ > 0 while Ωn → 1 as
n → ∞. So the condition is contradicted. Thus ∥xn −xn+1∥ → 0 as n → ∞. This implies that
∥xn −xn+1∥ ≤∥xn −x∗∥+∥x∗ −xn+1∥ → 0. Now assume the given sequence of iterates {xn} is not
Cauchy. Then there exists some ϵ∗ > 0 such that every tail {xn}n≥N of the sequence has diameter
DN = supn,m≥N ∥xn −xm∥ > ϵ∗. Given this ϵ∗, we will construct a pair of subsequences violating the
condition. For any n > 0, let Nn be large that ∥xm −xm+1∥ < 1

n for all m ≥ Nn, as is possible that
∥xm −xm+1∥ → 0. Let hn ≥ Nn be the lowest integer such that for some kn > hn,

∥∥xhn −xhk

∥∥> ϵ∗.
Such pairs exist by the above diameter condition. Next choose kn to be the least such integer above
hn. Then either kn −1 = hn or

∥∥xhn −xhk−1
∥∥≤ ϵ∗. In either case we have ϵ∗ ≤

∥∥xhn −xhk−1
∥∥< ϵ∗ + 1

n .
Moreover, using the triangular inequality, from inequality (41), we have

1 ≥ Ωn =
∥∥T (xhn)−T (ykn)

∥∥
∥xn −yn∥

≥
∥∥xhn −xhk−1

∥∥− 2
n∥∥xhn −xhk−1

∥∥ . (42)

So Ωn → 1 while
∥∥xhn −xhk−1

∥∥ → ϵ∗, again violating the condition. So {xn} must be a Cauchy
sequence in X and as X is complete, we have xn → x∗ for some x∗ in X. Then by the usual
arguments, x∗ is a unique fixed point of T and the proof of (a) is complete.
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Case (b) if θ ̸= 0, then inequality (40) becomes;

∥Tx−Ty∥ ≨ α(∥x−y∥)∥x−y∥A
(θDϵ)B

C
A

(θDϵ)B
C··

·

δ
γ

β
δ

γ

β ; (43)

where, Aβ := β(∥x−y∥)∥x−Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, Bγ := γ(∥x−y∥)∥y −Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

,

Cδ := δ(∥x−y∥)∥x−Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

; Dϵ := ϵ(∥x−y∥)∥y −Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, for all distinct x,y ∈ X for all k ∈ N.
Suppose that xk = Txk−1, then xk+1 = Txk for all k ∈ N. But xk ≠ xk+1 and this implies that
∥xk −xk+1∥ > 0, so that ∥xk −xk+1∥ =∥Txk−1 −Txk∥. From inequality (43), take x = xk−1 and
y = xk for all k ∈ N, thus

∥Txk−1 −Txk∥ ≨ α(∥xk−1 −xk∥)∥xk−1 −xk∥A
(θDϵ)B

C
A

(θDϵ)B
C··

·

δ
γ

β
δ

γ

β ; (44)

where,
Aβ := β(∥xk−1 −xk∥)∥xk−1 −Txk−1∥

1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥
, Bγ := γ(∥xk−1 −xk∥)∥xk −Txk∥

1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥
,

Cδ := δ(∥xk−1 −xk∥)∥xk−1 −Txk∥
1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥

; Dϵ := ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥
1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥

.
Thus,
Aβ := β(∥xk−1 −xk∥)∥xk−1 −xk∥, Bγ := γ(∥xk−1 −xk∥)∥xk −xk+1∥,
Cδ := δ(∥xk−1 −xk∥)∥xk−1 −xk+1∥; Dϵ := ϵ(∥xk−1 −xk∥)∥xk −xk∥.
So inequality (44) becomes;

∥Txk−1 −Txk∥ ≨ α(∥xk−1 −xk∥)∥xk−1 −xk∥ . (45)

We need only to show that the existence of such an α in FGer is equivalent to say that for
∥xn∥ →∥x∗∥ in X, with x∗ a unique fixed point of T , iff for any two subsequences xhn and xhk

of xn with xhn ̸= xhk
, we have that Ωn → 1 only if ∥xn −yn∥ → 0, where we take for any pair of

sequences xn and yn with xn ≠ yn, were Ωn =
∥∥T (xn)−T (yn)

∥∥
∥xn −yn∥

. First assume such an α exists.

Let {xhn} and {xkn} be two subsequences with xhn ̸= xkn . Assume that Ωn → 1 as n → ∞.
Then it follows from inequality (45) that α(

∥∥xhn −xkn

∥∥) → 1. But then since α ∈ FGer, we have∥∥xhn −xkn

∥∥→ 0. Next assume that the sequential condition holds. Define α : R+ → R as follows

α(t) = sup
{∥∥T (xn)−T (xm)

∥∥
∥xn −xm∥

:∥xn −xm∥ ≥ t

}
. From inequality (45) the quotients are all below

1 and so α is defined for all t > 0 and α < 1. Now assume that α(tn) → 1 for tn ∈ R+. We may
further assume without loss of generality that 1− 1

n
≤ α(tn) < 1. We must show tn → 0. But α(tn)

is the above least upper bound. So there is for each n > 0 a pair {xhn} and {xkn} of {xn} with
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∥∥xhn −xkn

∥∥≥ tn and

1− 1
n

<

∥∥T (xhn)−T (xkn)
∥∥∥∥xhn −xkn

∥∥ < α(tn). (46)

So the sequence Ωn → 1 as n → ∞. But then by the sequential condition above,
∥∥xhn −xkn

∥∥→ 0.
So tn → 0, as was shown. This completes the proof of Proposition 10.

Corollary 11. Let (X,∥·∥) be a Banach space and T : X → X such that there are {α,β,γ,δ,ϵ} ∈ FGer

and there exists θ ∈ R+ satisfying;

∥Tx−Ty∥ ≤ α(∥x−y∥)∥x−y∥A
(θDϵ)B

Cδ
γ

β ; (47)

where, Aβ := β(∥x−y∥)∥x−Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, Bγ := γ(∥x−y∥)∥y −Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

,

Cδ := δ(∥x−y∥)∥x−Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

; Dϵ := ϵ(∥x−y∥)∥y −Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, for all distinct x,y ∈ X for all k ∈N.

Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed point of T in X.

Proof. We prove as follows;
(a) if θ = 0, then inequality (47) becomes;

∥Tx−Ty∥ ≤ α(∥x−y∥)∥x−y∥ . (48)

This is Geraghty contraction in Banach space and the proof follows from small modification see
Geraghty (1973).
(b) if θ ̸= 0, then inequality (47) becomes;

∥Tx−Ty∥ ≤ α(∥x−y∥)∥x−y∥A
(θDϵ)B

Cδ
γ

β ; (49)

where, Aβ := β(∥x−y∥)∥x−Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, Bγ := γ(∥x−y∥)∥y −Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

,

Cδ := δ(∥x−y∥)∥x−Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

; Dϵ := ϵ(∥x−y∥)∥y −Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, for all distinct x,y ∈ X for all k ∈ N.
Suppose that xk = Txk−1, then xk+1 = Txk for all k ∈ N. But xk ≠ xk+1 and this implies that
∥xk −xk+1∥ > 0, so that ∥xk −xk+1∥ =∥Txk−1 −Txk∥. From inequality (49), take x = xk−1 and
y = xk for all k ∈ N, thus

∥Txk−1 −Txk∥ ≤ α(∥xk−1 −xk∥)∥xk−1 −xk∥A
(θDϵ)B

Cδ
γ

β ; (50)

where,
Aβ := β(∥xk−1 −xk∥)∥xk−1 −Txk−1∥

1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥
, Bγ := γ(∥xk−1 −xk∥)∥xk −Txk∥

1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥
,

Cδ := δ(∥xk−1 −xk∥)∥xk−1 −Txk∥
1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥

; Dϵ := ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥
1+ ϵ(∥xk−1 −xk∥)∥xk −Txk−1∥

.
Thus,
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Aβ := β(∥xk−1 −xk∥)∥xk−1 −xk∥, Bγ := γ(∥xk−1 −xk∥)∥xk −xk+1∥,
Cδ := δ(∥xk−1 −xk∥)∥xk−1 −xk+1∥; Dϵ := ϵ(∥xk−1 −xk∥)∥xk −xk∥.
So inequality (49) becomes;

∥Txk−1 −Txk∥ ≤ α(∥xk−1 −xk∥)∥xk−1 −xk∥ . (51)

It follows Corollary 8 above. Therefore, the sequence {xk}k∈N defined by Txk−1 = xk converges to
a unique fixed point of T in X.

Proposition 12. Let (X,∥·∥) be a Banach space and T : X → X such that there are {α,β,γ,δ,ϵ} ∈
FGer and there exists θ ∈ R+ satisfying;

∥Tx−Ty∥ ≤ α(∥x−y∥)∥x−y∥A
(θDϵ)B

C
C··

·

δ
δ

γ

β ; (52)

where, Aβ := β(∥x−y∥)∥x−Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, Bγ := γ(∥x−y∥)∥y −Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

,

Cδ := δ(∥x−y∥)∥x−Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

; Dϵ := ϵ(∥x−y∥)∥y −Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, for all distinct x,y ∈ X for all k ∈N.

Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed point of T in X.

Proof. It follows from the proof of Corollary 11 and we conclude that the sequence {xk}k∈N defined
by Txk−1 = xk converges to a unique fixed point of T in X.

Proposition 13. Let (X,∥·∥) be a Banach space and T : X → X such that there are {α,β,γ,δ,ϵ} ∈
FGer and there exists θ ∈ R+ satisfying;

∥Tx−Ty∥ < α(∥x−y∥)∥x−y∥A
(θDϵ)B

C··
·
A

(θDϵ)B
C··

·

δ
γ

β

δ
γ

β ; (53)

where, Aβ := β(∥x−y∥)∥x−Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, Bγ := γ(∥x−y∥)∥y −Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

,

Cδ := δ(∥x−y∥)∥x−Ty∥
1+ ϵ(∥x−y∥)∥y −Tx∥

; Dϵ := ϵ(∥x−y∥)∥y −Tx∥
1+ ϵ(∥x−y∥)∥y −Tx∥

, for all distinct x,y ∈ X for all k ∈N.

Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed point of T in X.

Proof. We give the proof of Proposition 13 in its full strength. We prove in two cases:
(a) Observe first that if θ = 0, then inequality (53) reduced to

∥Tx−Ty∥ < α(∥x−y∥)∥x−y∥ . (54)

First assume that ∥xn∥ →∥x∗∥ in X which means that xn → x∗ strongly and let {xhn} and {xkn}
be any two subsequences of {xh}. Then clearly

∥∥xhn −yhn

∥∥→ 0, so the condition is satisfied. Next
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assume the condition is satisfied for a given initial point x0 in X. Then {∥xn −yn∥}n∈N is a decreasing
sequence of nonnegative real numbers and so approaches some κ ≥ 0. Assume κ > 0. Then letting hn =
n and kn = n+1, we have that∥xn −yn∥ → κ > 0 while Ωn → 1 as n → ∞. So the condition is violated.
Thus ∥xn −xn+1∥ → 0 as n → ∞. This implies that ∥xn −xn+1∥ ≤∥xn −x∗∥+∥x∗ −xn+1∥ → 0. Now
assume the given sequence of iterates {xn} is not Cauchy. Then there exists some κ > 0 such
that every tail {xn}n≥N of the sequence has diameter GN = supn,m≥N ∥xn −xm∥ > κ. Given this
κ, we will construct a pair of subsequences violating the condition. For any n > 0, let Nn be large
that ∥xm −xm+1∥ < 1

n for all m ≥ Nn, as is possible that ∥xm −xm+1∥ → 0. Let hn ≥ Nn be the
lowest integer such that for some kn > hn,

∥∥xhn −xhk

∥∥> κ. Such pairs exist by the above diameter
condition. Next choose kn to be the least such integer above hn. Then either kn − 1 = hn or∥∥xhn −xhk−1

∥∥≤ κ. In either case we have κ ≤
∥∥xhn −xhk−1

∥∥< κ+ 1
n . Moreover, using the triangular

inequality, from inequality (54), we have

1 ≥ Ωn =
∥∥T (xhn)−T (ykn)

∥∥
∥xn −yn∥

≥
∥∥xhn −xhk−1

∥∥− 2
n∥∥xhn −xhk−1

∥∥ . (55)

So Ωn → 1 while
∥∥xhn −xhk−1

∥∥ → κ, again violating the condition. Therefore, {xn} must be a
Cauchy sequence in X and as X is complete, we have xn → x∗ for some x∗ in X. Then by the usual
arguments, x∗ is a unique fixed point of T and the proof of (a) is complete.
(b) The proof follows from proof of part (b) of Proposition 10 and we are done.

4 Conclusion

In this paper, we established novel conditions for the existence and uniqueness of fixed points
for a newly introduced class of generalized tower mappings in Banach spaces. By integrating
Geraghty auxiliary functions with multi-layered, rational exponential bounds, we constructed a
theoretical framework that systematically relaxes the rigid constraints of classical contraction
principles. Consequently, our findings generalize, improve, and unify existing fixed point theorems
in literature.
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